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QFT in Curved Spacetime

In this course, we will be interested in understanding quantum field theory in the
presence of a non-trivial gravitational field. We will consider the gravitational field
as a classical fixed background on which our quantum fields live. Towards the end
of the course, we will also study quantum fluctuations of the background itself,
but in order for the perturbative quantum field theory to be consistent, we will
always consider energy scales small compared to the Planck scale. Later it will
become clear that, in order to understand quantum gravity at the Planck scale,
we will need a UV (ultraviolet) completion of our effective quantum field theory
treatment, such as string theory.

The effective QFT approach to quantum gravity presented here is, however, enough
to understand the quantum evolution of the universe from a few Planck times after
the Big Bang and until today. We will develop the machinery for understanding
how the universe was created from quantum fluctuations during inflation (or the
alternative Pre-Big Bang scenarios). It will also allow us to understand how Hawk-
ing radiation is created in the weak curvature regime outside a black hole and arrive
at the black hole information paradox. These discoveries are all a consequence of
the fact that the concept of particles and the notion of vacuum are non-unique
and relative concepts in QFT in curved space, and may change with time, leading
f.ex. to particle production in the early universe as it expands with time and in
the vicinity of a black hole.

These are some of the puzzling and counter-intuitive concepts we will cover in
these lectures.

CANONICAL QUANTIZATION

Before we proceed to understand quantum field theory on a curved background,
let us, for a start, remind ourselves about the simplest possible quantum field
theory, a free real scalar field on a flat background. It is often, correctly, said that
a field can be viewed as a collection of infinitely many harmonic oscillators. The
quantisation of a field therefore has some resemblance to quantising the harmonic
oscillator. So let us remind ourselves how it goes.

1.1 Quantization of the Harmonic Oscillator

In the case of a classical harmonic oscillator, we have the equation of motion
(EoM):

G+uwiq=0, (1.1)
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where the mass, m, is absorbed into the eigen-frequency w = /k/m, with k being
the spring constant in Hooks law. The general solution can be written as:

q(t)=a e ™ 4 atet (1.2)

It is a second-order differential equation, so we have two integration constants, a™
and a', while w is the frequency of the oscillator. For a real classical coordinate,
the integration constants obey a™ = (a7)*. The lowest energy state is called the
ground state, and in the case of the classical harmonic oscillator, it is given by
q (t) = 0. While this is intuitively clear, we can see it more formally by considering
the Hamiltonian

N

Figure 1: Illustration of the potential for the harmonic oscillator

1 w?
H=-p"+—¢ 1.3
S+ 5 a (1.3)
where p = ¢ is the momentum. The Hamiltonian gives the total energy of the
system and is the sum of a kinetic energy term (the momentum term), and a
quadratic potential term proportional to the frequency. Clearly, the Hamiltonian
vanishes in the ground state with ¢ (¢) = 0 and thus also p = 0.

Often we will consider the action, expressed in terms of the Lagrangian, as a more
fundamental object defining our physical system, as it can be written without
reference to a preferred time, and therefore takes a more manifestly covariant form.
However, for the purpose of canonical quantisation, it is convenient to choose a
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slicing of the space-time and define a preferred time variable. Technically, this
is most adequately done in the important ADM formalism, which we will discuss
later, and which was developed by Arnowitt, Deser, and Misner in a kindergarten
on the Danish Island of Bornholm. But for now, when considering the Harmonic
oscillator, there is no ambiguity in the choice of the time variable, and we can
straightforwardly derive the Hamiltonian from the Lagrangian.

The action, S, written in terms of the Langrangian, L, is for the harmonic oscilla-

tor
: Ly 15,
S= [ L(g,q)dt= 54— 5w dt . (1.4)

Using the variational principle, one arrives as usual, at the Euler-Lagrange EOM
=27 (1.5)

leading to Eq. (1.1). Equivalently, we can also derive the EOM from the Hamilto-
nian. Defining the canonical momentum

oL
5 (16)
the Hamiltonian is defined as a Legendre transformation of the Lagrangian
. 1 1
H=(pi— L)y, =50 + 5 (1.7)

The Hamiltonian equations of motion, equivalent to the Euler-Lagrange equation,
are

OH OH
Y = — 9 = —-—— 1.8
which, for the Harmonic oscillator, becomes
j=p, p=-wq. (1.9)

In order to quantise the Harmonic oscillator, we follow the usual quantisation pro-
cedure. We leave the equation of motion unchanged, but the coordinates become
operators ¢ (t),p(t) — ¢ (t),p(t), and then we postulate Heisenberg’s commuta-
tion relation

[G(t),p ()] =ih. (1.10)

Finally, we observe that the Hamiltonian now also has to be promoted into an
operator
L,

A o 1 R
H— H=H(q,p) = 5P + §w2q2 . (1.11)
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Quantum ground state

When looking for the ground state of the quantised system, we notice that due
to Heisenberg’s commutation relation, ¢ (t) = 0 is forbidden, and so it is not a
ground state. The ground state has been lifted. We can see this more precisely by
introducing the annihilation and creation operators

(0= 55 0017 S0 0] (112)
With the annihilation and creation operators, we can write the Hamiltonian as
- 1
H= (d*d + §> wh . (1.13)

An energy eigenstate is of course an eigenstate of the Hamiltonian, and therefore an
eigenstate of the number operator N = a*a~. We usually denote these eigenstates
as |n), with non-negative eigenvalues n. It is easy to see that n is non-negative,
since we can write n = (n|N|n) = [|a~|n)||*.

From these observations, it is clear that the ground state (the vacuum state) must
be defined as a~|0) = 0, and we obtain a non-zero vacuum energy

(0] E[0) = %wh. (1.14)

Thus the quantum harmonic oscillator is never at rest, but always fluctuates
around the minimum of the potential, even in its ground state.

As mentioned earlier, we can think of a quantum field as an infinite collection
of quantum harmonic oscillators, so the above result already hints at a deep and
fundamental problem of understanding the smallness of the vacuum energy of
our universe. For reasons that will become clear later, this is also named the
cosmological constant problem.

1.2 Relativistic Fields

So far our considerations have been contained within the domain of non-relativistic
quantum mechanics. In the absence of a potential, the Schrodinger equation
18

0 U (z,1) i V2V (z,t) (1.15)
th—V (z,t) = —— x,t) . .
ot ’ 2m ’
With the usual position-representation identifications
0 - 0
he — —ih—— E = ih— 1.16
P; ‘ 81']" ! 8t ( )
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the Schrodinger equation for the eigenvalues takes the form

E=" (1.17)

while special relativity requires

E2

= p’ =m’c* . (1.18)
Clearly, the Schrodinger equation does not satisfy the relativistic energy-momentum
relation. If we were to use (|1.16)) in the relativistic energy-momentum relation in
(1.18]), we would get

h* 07 22 2 2
<—gﬁ+hV)\P:mc\P. (1.19)
This is known as the Klein-Gordon equation, and the eigenvalue equation now
agrees with the relativistic energy-momentum relation.

If the Klein-Gordon equation is the correct relativistic version of the Schrédinger
equation, then we should be able to recover the Schrodinger equation in the non-
relativistic limit. Writing

E = ++/p*c2 + m2ct | (1.20)

choosing only positive energy, and Taylor expanding for small p? we get

2 P
E=mc+—+... 1.21
o (1.21)
The extra mass term mc? becomes irrelevant in non-relativistic quantum mechanics
in the absence of gravity, since the Hamiltonian becomes an operator, and it is

just an arbitrary additive constant

g P P
H = 5 +me® = p- + const (1.22)

which will cancel out in all commutation relations, and therefore will not influence
quantum dynamics. The negative-frequency solution appears to spoil the interpre-
tation of the W (z,t) as a probability amplitude density. In quantum field theory,
positive- and negative-frequency solutions are instead associated with annihilation
and creation operators. For a complex scalar field, the latter are naturally associ-
ated with antiparticles, while a real scalar particle is its own antiparticle.
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The above relativistic generalisation of the Schrodinger equation is not unique.
There are several ways to generalise the Schrédinger equation to obtain a rela-
tivistic covariant equation, depending on the spin of the quantum field.

Wigner classified relativistic one-particle states in terms of unitary irreducible rep-
resentations of the Poincaré group in 1939. Some well-known physical examples
are given in the table below

Spin ‘ Wave equation examples
0 Klein-Gordon Higgs, Inflaton, 70, 7+
3 Dirac e, quarks, p*, n
1 Maxwell / Yang—Mills Photons, gluons

Can we have higher spins? No elementary particles with spin greater than one
have been observed. Interacting higher-spin fields can be described within effective
field theories, although consistent interactions become increasingly constrained for
higher spins. In particular, general relativity describes a massless spin-2 graviton
and is non-renormalizable by power counting when treated perturbatively as a
fundamental quantum field theory, while remaining predictive as a low-energy
effective field theory. The Einstein equation is non-linear and does not lead to an
additive superposition of the wave functions. When quantising the graviton, we
will therefore linearise the Einstein equation around some background, and the
equations for the different spin modes of the linearised graviton will then reduce
to something similar to the Klein-Gordon equation. Therefore, the main focus of
these lectures is on the Klein-Gordon equation in curved space, although we will
also discuss fermions and gauge fields. The generalisation to free relativistic fields
of arbitrary spin is possible through the Bargmann-Wigner equations.

From now on, we use natural units A =c¢ = 1.
Now, let us return to consider the Klein-Gordon equation:
¢ — V2 +mp = —0,0"0 +m?p =0 (1.23)

where, with the (—+++) convention, 9,0 = —9?+V?2. Equivalently, the covariant
form of the equation is (9,0 — m?) ¢ = 0.

Using spatial Fourier decomposition

¢ (x,t) :/(;13’; e h (1) (1.24)

e

we obtain

or + (K2 +m?) ¢ = g, +widn, =0, (1.25)

10
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where wi = V k% + m2. Notice that we have a harmonic oscillator for each Fourier
mode. Modes of a real scalar field satisfy the relation (¢g)* = ¢_.
The equation of motion can be found from the action:

Skl =5 [ d's [0 0,6) (0,0) + me]

= % / Padt [q52 (V) — m%ﬂ (1.26)

With the Minkowski metric n* = diag (—1,+1,+1,+1).

S = %/dtd?’k [ébkcb—k - Wl2c¢k¢—k} (1.27)

Quantization of Real Scalar Fields

In order to quantise the scalar field, we follow the quantisation procedure similar
to how we quantised the harmonic oscillator. In order to go to the Hamiltonian
formulation, we first read off the Lagrangian from the action above

LO)= [ @l L=—3n" 00)(00) - s (129

and introduce the canonical conjugate field (the field equivalent to the canonical
conjugate momentum)

SL[g] _
.0 — b (x,1) (1.29)

which enables us to find the classical Hamiltonian by a Legendre transformation
as before

m(x,t) =

H= /d3w7r (z,1) ¢ (z,1) — L|¢-H7r = %/dsw (7% + (Vo) + m*¢?]  (1.30)

To quantise, we now promote the field and the conjugate momenta to operators
(¢, m — ¢, ), and impose the commutator relations:

(@) 7 )] =id? @—y). [6(2.0).6(y.0)] = [ (@0),7(y.0) =0
(1.31)

The Fourier modes also become operators with the commutator relations

[ng: (t), T (t)] =i0® (k4 K) (1.32)

11
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Notice the sign in the delta function. This is because the conjugate to QASk is not

T, but A_p = 7l .

One can also immediately see that the Hamiltonian equations of motion in operator
form, become the Heisenberg equations of motion

i (x,t) = {qB @,t),zﬂ
i% (@,1) = {w (a;,t),ﬁ] . (1.33)

Hermiticity
Since our field ¢(x,t) is a real scalar field, we have immediately
o (x,t) = ¢ (x,t), 7l (x,t)=7(x,t), (1.34)
but as noted already above, the Fourier modes are not Hermitian
B =dk(®), (1) =7n(t) (1.35)

as can be seen by inspecting the Fourier integrals.

QQL (t) = / (di (e—m.%(%t))T :/ B em.kqgf (x, 1)

27_‘_)3/2 (277')3/2

-/ (;jr%cb (1) = b (1 (1.36)

For each pair of Fourier modes k and —k, one may form Hermitian combinations
corresponding to the real and imaginary parts of ék and 7. These combinations
can be normalised to form canonical position and momentum operators. Since k
and —k are not independent for a real field, one must restrict to one representative
of each pair in such a description in order not to double count the degrees of
freedom.

However, in the end it is more convenient to work with the non-Hermitian Fourier

modes qgk and 7k, which are straightforward Fourier transforms of the real space
fields.

Quantum Field Oscillators

Let us consider again the field’s Fourier mode

D () = / ﬁe—wk@ (@.1) (1.37)

12
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Just like for the Harmonic oscillator, it is convenient to introduce creation and an-
nihilation operators in order to understand the quantum states of the system

ay, (t) = \/% (<?>k - Z—é“) . (t) = % (qB_k - ";;’“) (1.38)

The equation of motion of the fields can then be equivalently expressed as an
equation of motion for the creation and annihilation operators

d
aa,f (t) = Fiwga; (1) (1.39)

which has a straightforward solution

ag (t) = ai (t = 0) et (1.40)

There are two independent solutions for each frequency mode, and these solutions
form a plane wave basis for the general solutions of the equation of motion, defined
by what we can think of as the two constants of integration @ (t = 0).

Inserting into the canonical commutation relations for the fields, one can verify

that the time-independent operators a; = a; (t = 0) must satisfy
a0 =0 (k—K), [ag,ay] = [af,ah] =0. (1.41)

Clearly, the ground state, |0), will be the state where each of the harmonic oscil-
lators is in its ground state and is defined by

a0y =0 Vk (1.42)

We can now build the higher excited states by acting with the creation operator as
usual. A state with particle number n, in each mode with momentum k; is given
by

Ny, na,...) = [H %] 0) , (1.43)

S

and these states make up the Fock Space.

Writing the Fourier modes in terms of creation and annihilation operators

- 1. .
¢k _ (alzefzwkt 4 airkezwkt)

T =1y = (T e — age ™) | (1.44)

NEE
bl

13
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we can then express the Hamiltonian

o 1 A A
f = / &Lk [frkfr,k v w,%qbk(b,k] (1.45)

in terms of the creation and annihilation operators
A w A “ .
o= /d?’k?k [agaf + af | (1.46)
and after deploying the commutator relation, it takes the form
H= / d%% 28 ay, + 0@ (0)] (1.47)

where we got a delta function from the commutator, and this term is the vacuum
energy.

E = /d3k:wka + vacuum energy (1.48)

Where E = <[:_7 > and N comes from the number operator:
Ni = (Ni ) = (afay) (1.49)

With the Fourier convention used here, §®)(0) = V/(27)? in a finite-volume regu-
larization. Thus the formal vacuum energy density is

Eyee 1 d*k
pvac V 2 / (27T)3wk7 ( 50)

which is ultraviolet divergent.

So far, we have quantised ¢ (x,t) in the Heisenberg picture. Quantum observables
(QAS, H ) are represented as operators in Fock space, and the quantum states of the
field ¢ are interpreted in terms of particles (i.e. |ny,ng,...)). Inunitsof h =c =1,
the particle interpretation is consistent with

p=k E=w,=E=\p+m?, (1.51)

which is the relativistic expression of the energy of a particle.

14
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Mode Expansions

The creation and annihilation operators also provide us with a shortcut quantisa-
tion. We can directly write the field in the complete plane wave basis, with two
"integration constants"

n 1 AN —iwpt At dwpet

or (t) = (ap e ¥t + at ™) (1.52)

AV ka

and then go back to the real-space representation of the field

. P 1 . -
gb (Cll,t) = / (2 )% Z_wk (&I;e—luﬂct-‘rlk.m + dtkezwkt_g_zk.m) .
m

Then taking k — —k in the second term gives

~ d3k 1 A —qw 1k-x ~ iwpt—ik-x
o (x,1) :/(2 )%—m (ake ki-+ik —|—a;§e kt—ik ) (1.53)
T

as a general solution to the Klein-Gordon equation where one can think of a® as
constants of integration.

All we need to do to quantise the field in terms of the mode expansion is to
introduce the commutator relations:

lag,, 0] = 0P (k— k), [ag,a5) =0 (1.54)

15
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CASIMIR EFFECT

If we assume that vacuum energy is like any other form of energy, then within
the theory of General Relativity it will gravitate, and the infinite vacuum energy
density will lead to an infinite gravitational field, which would imply that our
universe, as we know it, could not exist. Clearly, the vacuum energy is not really
infinite, or General Relativity is wrong, and vacuum energy does not gravitate like
any other form of energy. To get insight into what is going on and what we should
believe, let us consider the Casimir effect.

We have already observed that a quantum field can be seen as a collection of
infinitely many harmonic oscillators. Since the vacuum energy of a single harmonic
oscillator is different from zero, we get a divergent contribution to the vacuum
energy in quantum field theory. More precisely, in infinite Minkowski space the
zero-point energy density of a free scalar field is formally

E 1 A’k
=2 _ - | 2 2.1
po Vo2 / (2%)3Wk (2.1)

which is ultraviolet divergent.

One could argue heuristically that there is an upper limit to the momentum inte-
gral: attempting to localise an energy much larger than the Planck scale within its
corresponding Compton wavelength eventually gives a Schwarzschild radius larger
than that wavelength, suggesting that ordinary local quantum field theory cannot
be trusted beyond the Planck scale. Introducing a UV momentum cutoff A ~ Mp,,
one still obtains a fatal high vacuum energy density p ~ M3p,.

When we are cutting off the momentum integral by introducing the UV cutoff A,
we are secretly reqularising the integral, and we obtain a finite but large value,
which diverges as we remove the cutoff by taking A — oo. This is actually the
first step in how we deal with fatal divergent quantities in quantum field theory in

16
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general through the procedure of regularisation and renormalisation. The second
step, renormalisation, is a prescription for how to deal with the subsequent large
arbitrary cutoff-dependent but finite contribution to the physical quantity (in the
present case the cosmological constant).

To get some intuition for the process of regularization and renormalization, and
an insight into the physical realm of the vacuum energy of quantum fields, we will
consider the Casimir effect, an experimentally verified consequence of quantum
field theory in the presence of boundaries. It provides a particularly clean example
in which a divergent zero-point energy can be used to obtain a finite, regulator-
independent energy difference.

Consider a massless scalar ¢ (¢, ) in flat 1+ 1 dimensional space—time.ﬁ We require
the field to vanish on the boundaries by imposing boundary conditions

¢ (t,2) om0 = ¢ (,2) o= = 0 . (2.2)
The equation of motion for a massless scalar field in one dimension is
0;¢p — 9o =0
(2.3)
and a general solution satisfying the boundary conditions is then given by
e}
o(t,x)= Z (Ane™ " + Bpe™') sin (w,z) (2.4)
n=1
with w,, = “F. From this solution we can construct an appropriate basis for the

mode expansion of the scalar field.

Remember that in flat space (without boundary conditions), we have the following
mode expansion in the plane wave basis

- dk 1 . . . .
t = M~ [pT piwkttikx + ~+ iwgt—ikx ‘ 25
(;5(,56) \/% /—2wk[k ake ] ( )

However, the plane waves modes does not satisfy the boundary conditions. In-
stead of plane wave modes, the boundary conditions leads to a discrete subset of
orthonormal functions, which forms the basis for the mode expansion. Normaliz-
ing the modes of the solution ([2.4]), we are led to introduce the orthonormal basis

functions
0 Gm \T) gn \T dff — (Smna gn (L) = “ _L S11 _L 2.6

2This is a simplified setup decribing the vacuum energy of the electromagnetic field between
two conducting plates.

17
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The continuous wavenumber, k, is replaced with a discrete one, Z*. The orthonor-
mal basis functions, g, (z), satisfies the boundary conditions and Vamshes at x =0
and z = L.

Expanding the field in the exp(—iw,t)g,(x) basis instead of the plane wave basis,
we obtain in the presence of the boundary conditions

t x \/72 sin an Ane iwnt —|—CL+ zwnt} (27)

with w, = %F. We observe that fewer modes are allowed between the plates than
outside. Only those waves with a wavelength just right to form a standing wave
between the plates are allowed. Thus, instead of having a continuous spectrum
of virtual particles being created in vacuum, between the plates only a discrete
subset is allowed. Intuitively, this makes the vacuum energy smaller between the
plates than outside.

2.1 The Zero-Point Energy

In order to compute the vacuum energy between the plates, let us consider the

Hamiltonian
= [ar|(ad)"+ (20)] 28)

The vacuum energy is found by taking the expectation value in the ground state
(0|H|0), and using

(0l 10) = Sy (01d510) = (Ol [0) = (Ol [0) =0 (2.9)

which yields from the first term in H

1 [* 2 w
o8 [ a0 = [0 5 h, mes
1P S (sin(wpz))? , 1
1 \Wn))” 21 2.1
7 /0 dx ngl 2, W =7 d W (2.10)

The second term in H yields the same contribution, which leaves us with the zero
point energy

(0|H|0) = an (2.11)

18
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To compute something like an energy density, we can compute the zero point
energy per unit length

oo

—_— <0|H|o> 21LZ Z (2.12)

As we can see, this is again divergent. To deal with it, we turn to regularization
and renormalization.

2.2 Regularization and Renormalization

The expression €q(L) in is divergent, so neither it nor its L — oo limit can be
manipulated directly. The meaningful comparison is obtained by regulating both
the finite-L and free-space expressions in the same way and then subtracting them.
In nongravitational flat-space QFT an overall additive constant in the energy is
unobservable, so it is conventional to choose the free-space vacuum energy as the
reference value. This should not be confused with a prediction that the physical
cosmological constant must vanish.

We are therefore led to compare 5™ with £,(L):

Ae (L) =¢eq (L) — el (2.13)
Of course Ae(L) = oo — oo make little sense. In order to make sense of this
difference, we first need to regulate £o(L) and /" by a cutoff.

The procedure is therefore: first regulate both quantities using the same regulator;
second form the difference so that the common divergent contribution cancels
(equivalently, absorb the divergence into the appropriate counterterm); and finally
remove the regulator. A physical result should be independent of the arbitrary
details of the regulator.

Instead of introducing a hard cutoff, we will regularize £y(L) by introducing a
cutoff function, which exponentially truncates the UV modes

go ( 2L2Zn o (L;a) 2L2Zne p( ) (2.14)

where « is the cutoff parameter. For o > 0 the regularized series converges, and we
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can recover the original expression by taking o — 0. To see this, lets write

go(L,a) = —%% > exp [—%}
. _13( xp [f] ) e ()
2L 0o\ 1 — exp [—2] 202 [1 — exp [_%H?
T 1
~ 8L2sinh? (%) ’ (2.15)
where we used
sinh () = % (2.16)
so we can write
1 4 4 de*
sinh® (3) (e —e3)? er(l—e)?  (1—e) (247
Taking the limit @ — 0, we can use the expansion of sinh(x)
sinh(x):x+§—?+§—?+:§—:+...:x<1+§+§+...) (2.18)

which gives us the expansion

L ! —1(1 oS ) (2.19)
sinh? (z) x2(1+”§—?—|—$5—?+...)2 z? 3 ) '

Thus, in the limit @ — 0 where we take the cutoff to vanish, we have

T 1 T ™
La) — — — O (a? 2.20
i) = sm ) 2 a0 (2:20)

so we have a divergent term in addition to a finite term, and then some terms that
vanish when we remove the cutoff.

We are now in position to consider the difference between the vacuum energy
with and without the presence of the plates. At fixed regulator «, the free-space
reference is obtained from the L — oo limit,

Ae (L) =¢¢(L) — 5£T66 — A&renorm (L) = lim [50 (L;a) — lim gq (L; a)]

a—0 L—oc0
. 1 T T + T :|
T ab0 1202 T 2412 T T 242
T
- 92.91
2412 (2:21)
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Thus the zero-point energy in the presence of plates at x = 0, L is lower by a finite
amount than in the free case without the plates. Taking the free-space energy
as our zero of energy, the renormalised energy density between the boundaries is
therefore finite and negative.

The vacuum energy between the plates is a form of potential energy which depends
on the distance between the plates, and the gradient of the potential energy gives
a force. The negative vacuum energy therefore leads to a force between the plates.
For the 1+ 1 dimensional scalar model considered here, the Casimir force between
the plates is

d d T
F = _EAE - _E (LAgrenorm) - _24:L2

(2.22)

We see a negative force; thus, the plates are pulled together. The Casimir force
can be observed in the laboratory by placing two conducting plates in a vacuum
chamber. For the physical electromagnetic field in 3+ 1 dimensions, the numerical
coefficient and power of L are different; for two ideal parallel conducting plates one
finds F/A = —7?/(240L"). The observation of the Casimir force illustrates that
the vacuum energy contributed by virtual particles is a real physical phenomenon,
and should not be taken lightly.

In order to find the physical vacuum energy in curved space (in general relativity
in the presence of a non-trivial gravitational field), we will similarly compute the
physical renormalised vacuum energy by subtracting flat space vacuum energy as
we did with the Casimir effect above.

We will later see that in a Friedmann-Robertson-Walker (FRW) space-time the
vacuum energy of a scalar field is like in flat space. From this argument, we would
expect the renormalised cosmological constant to vanish. However, we do observe
a tiny cosmological constant

A

= i ™ M2 HE ~ 1072 M, (2.23)

PA

up to convention-dependent factors in the definition of the Planck mass. This
is roughly 120 orders of magnitude below the naive Planck-scale estimate M3,.
The observed acceleration may be due to a true cosmological constant, or it may
instead arise from some dynamical form of dark energy.

But what is the physical interpretation of what is going on in the mathematically
defined regularisation and renormalisation procedure? We can interpret the sub-
tracting off the UV divergence as a shorthand for not knowing the theory above
the UV cutoff, or the UV finite completion of the QFT. We can think that we are
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subtracting off a negative contribution to the vacuum energy contributed by the
unknown physics above the cutoff.

String theory is a leading candidate for a UV completion of quantum gravity,
although it is not the only example of a UV-complete quantum field-theoretic
framework. In a globally supersymmetric theory with unbroken supersymmetry
and a Minkowski vacuum, bosonic and fermionic zero-point contributions cancel
and the vacuum energy vanishes. In supergravity and string theory, the situation
is more subtle: supersymmetric vacua can, for example, have a negative cosmo-
logical constant. Since supersymmetry is not observed at experimentally accessi-
ble energies, it must be broken in our vacuum. After supersymmetry breaking,
the cancellation of vacuum energies is generically lost, and contributions of order
the supersymmetry-breaking scale to the fourth power naively arise. Thus a UV
completion by itself does not automatically explain the extremely small observed
cosmological constant.

This is the cosmological constant problem. The cosmological constant is very
sensitive to vacuum-energy contributions from physics at many different scales.
One can think of the renormalised vacuum energy density schematically as:

pA,renorm == pA,bar‘e + ,OA,C.T. + pA,quantum (224)

where the counterterm removes the regulator dependence and pa guantum denotes
the quantum contributions from the fields. With a hard cutoff Ay, individual
contributions can scale as Af; if the relevant scale is taken to be Mp;, obtaining
the observed value requires an enormous cancellation among the terms. Moreover,
phase transitions and symmetry breaking can shift the vacuum energy by large
amounts, so the small observed value must remain stable after such contributions
are included.

This extraordinary sensitivity is the essence of the cosmological constant natural-
ness problem. Ideas for addressing it include dynamical mechanisms, modifications
of the gravitational sector, and the string landscape together with anthropic selec-
tion arguments.
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QUANTUM FIELDS IN CURVED SPACETIME

Let us consider the scalar field Lagrangian density in curved spacetime

1

L) = ~5 V=90 [1"0:00,0 + (m” — €R) ] (31)

where ¢ is the non-minimal coupling, and we have the metric

ds® = g datda”, pv=0,1,...,(d—1)
(3.2)

with determinant

g9(x) = det (gw) (3.3)

Among local terms that are quadratic in ¢, linear in the curvature, and require no
additional mass scale, the term §R@? is the unique non-minimal scalar-curvature
coupling. Couplings involving additional powers of the curvature or additional
derivatives are higher-dimensional operators and require appropriate inverse pow-
ers of a mass scale.

From the action
S = / d"xL (3.4)
we can derive the equation of motion
(O+m*—ER (x)) ¢ (x) =0 (3.5)
where the covariant d’Alembertian, with our sign convention, is
1
V=

Thus in flat space with the (— + ++) metric convention, O = §7 — V2.

Lo = _g#VDuDVQb = - a,u (\/__ggw,augb) (36)

We notice that on the covariant form in (3.5)), with £ = 0 it has the same form
as in flat space, and so we say the field is minimally coupled in that case. On the
other hand, we say the field has a conformal coupling for

_1n—2

g_Zn—l’

(3.7)
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because the equations of motion of a conformally coupled scalar field with m =0
are conformally covariant under conformal transformations of the form

n—2

G (%) = G () = Q* (X) g (%), @(x) 20 (x) =272 (x)0(x). (38)

To quantize the scalar field, learning from the treatment of the canonical quan-
tization procedure in the first lecture, we want to find an orthonormal complete
basis for our solutions to the equation of motion. To talk about orthonormality,
we first need to have a generalized covariant definition of an inner product, with
respect to which we can say the solutions are orthonormal. Assuming that the
space-time is globally hyperbolic, let ¥ be a space-like Cauchy hypersurface. We
will, therefore, define the inner product

ixd
(6109) = =i [ 461 (x) D65 () (39)
)
with

d¥F = ntdy,  dY =Vhd" 'z (3.10)
where n* is the future-directed unit vector orthogonal to the space-like hypersur-
face X, nn, = —1, and h is the determinant of the induced spatial metric on X.

Furthermore,

Ang * * *

¢1D,u¢2 = ¢1Du¢2 - ¢2Du¢1' (311)

For scalar fields, D, ¢ = 0,¢. If ¢1 and ¢, both satisfy the Klein-Gordon equation,
the Klein-Gordon current is covariantly conserved,

D, (—m;ﬁw;) —0. (3.12)

Using Gauss’ theorem and assuming that there is no flux through the boundary
at spatial infinity, this implies that the inner product is independent of the choice
of Cauchy hypersurface ¥. In flat space, the inner product just reduces to

(1, ¢2) = —i /¢1§t¢§dnlw (3.13)

There exists a complete set of orthonormal modes, which are solutions to the
equation of motion from ({3.5))

(ui, uj) = 0y, (u* u*) = —0ij, (uz,uj) =0 (3.14)

1777
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The indices cover the relevant set of labels, which will become clearer when we
consider a specific example in the next section. These are the Klein—Gordon nor-
malisation conditions. When the mode equation reduces to an ordinary differential
equation in time, the corresponding normalisation condition is often referred to as
a Wronskian condition.

For example, in Minkowski space the normalised positive-frequency modes may be
chosen as

1 , .
wp (t,x) = ——e e nttikT (3.15)

2wy (2m)" !

with the complex conjugate modes having negative Klein—-Gordon norm. For con-
tinuum labels the Kronecker delta in the normalization conditions is replaced by
a Dirac delta.

We can now write a general field, which is a solution to the equation of motion,
as an expansion in the orthonormal basis mode functions

o(x) = Z laiu; (x) + af uf (x)] (3.16)

)

3.1 Covariant Quantization

In order to quantize the field, we can now follow the usual procedure of canonical
quantization and impose the commutation relations

[ai,aﬂ = 0;j, la;,a;] = [a;r,aﬂ =0, (3.17)
and we can construct a Fock space by following a similar approach to how we did
it in Minkowski space.

There are, however, some important differences. In Minkowski space, there is a
global timelike Killing vector corresponding to time translations. In inertial coor-

dinates this Killing vector is % and is orthogonal to the space-like hypersurfaces
with ¢ = constant. The Minkowski mode functions are eigenfunctions of % with

eigenvalues —iw. Spatial translations provide the conserved spatial momentum,
while rotations and boosts complete the Poincaré symmetries. The Minkowski vac-
uum is selected as the Poincaré-invariant state satisfying the usual positive-energy
condition. This provides a preferred vacuum in Minkowski space.

However, in curved space, there is no Poincaré invariance, and there is no un-
ambiguous definition of the vacuum in general. Generally in curved space, there
might be no Killing vectors. If a suitable globally defined timelike Killing vector
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exists, it may provide a preferred notion of positive frequency and hence a pre-
ferred vacuum, although global structure, horizons, and boundary conditions can
introduce further subtleties.

One way to think about it is that a generic curved space-time lacks a preferred
time-translation symmetry with respect to which positive and negative frequency
can be defined. Consequently, there is, in general, no unique natural decomposition
of the space of solutions into positive- and negative-frequency modes, and hence
no unique particle or vacuum notion.

Let us therefore compare two different complete orthonormal sets u; (x) and u; (x)
and the field expansion, which can be written equivalently in both bases

6 (%) =Y [aiw (x) + o v} (x)]
¢(x) = [a;u; (x) + au} (x)] (3.18)

Defining the vacuum state in the usual way, we are led to two different definitions
of the vacuum

a;|0) =0, a;|0) =0 (3.19)
and therefore two different particle and vacuum definitions.

To understand the difference between these two definitions of the vacuum, let us
expand the mode functions in each other’s basis

=Y (agiui + By
i
J
These transformations of the mode functions between the two bases are called
Bogoliubov transformations, with the Bogoliubov coefficients being «;; and 3;;.

Using the orthonormality of the mode functions, we have that the Bogoliubov
coefficients are given by

Q5 = (ﬂi,lbj) s 51']‘ = — (ﬂl,Uj) . (321)

Bogoliubov gymnastics
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To prove (3.1]), we start from the Bogoliubov transformation
=Y (ogu; + B | (3.22)

where the first index labels the @; basis and the second the u; basis. Taking the
complex conjugate gives

=Y (afu) + Bju) . (3.23)

7

Before deriving the inverse transformation, let us note that orthonormality and
completeness imply the Bogoliubov identities

Z (@i — Bibji) = it Z (a5 Bk — Bjicy) = 0. (3.24)

J J
These are the inverse-form identities; their relation to the more familiar identities
with the barred indices contracted is shown below.
Now consider the combination
J
Substituting the expansions for u; and u} gives

> (agiu; — Bjits) (3.26)

J

=i (agru+ Bpur) — Y B > (eui + Bjpun) (3.27)
J k j k
=3 [Z (escin — BiaB) | un + > | (e85 — ﬁjia;fk)] wi. (3.28)

Using the Bogoliubov identities
> (i = Bib) = 0wy Y (@B — Biuay) =0, (3.29)
J J

we obtain

D (g — Bw) = dwug = ;. (3.30)
k

J
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Hence the inverse transformation is

J

To derive the Bogoliubov identities, assume that both sets of mode functions
{us, ui} and {u;,u;} are complete orthonormal sets with respect to the Klein—
Gordon inner product (-, -), satisfying

(ui, ur) = i, (ui,up) = =0, (ui,uy) =0, (3.32)
and similarly

The Bogoliubov transformation is

Its complex conjugate is
u; = Z (a;*zu;‘ + ]*zul) : (3.35)
First identity.
(@, m) =Y _ (agicq; — Byify;) = 0. (3.36)
Second identity.
(uj,u;) = Z (ajiBu — Bjiou;) = 0. (3.37)

%

Equivalent inverse form. Because the transformation relates two complete
bases, it is invertible. The two identities above state that the Bogoliubov trans-
formation preserves the Klein-Gordon inner product. The inverse transformation
must therefore preserve the inner product as well, which gives

Z (eicn — BjiBik) = dir, Z (a%Bik — Bjiayy,) = 0. (3.38)

J J
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These are precisely the identities used above to obtain the inverse transformation.

Now equating the two field expansions
D o (x) +afuf (x)] = @ (x) + afa; (x)] (3.39)
and taking the inner product with u; on both sides of the equality, we obtain
a; =Y [a; (;,w) +a (a],u;)] . (3.40)
J
Using the scalar product from (3.14]) we get an operator
a; =Y [ogia; + Baf | (3.41)
J
Similarly for the other orthonormal set, we have:
a; = Z [aa; — Bja]] (3.42)

It is now clear that if 8;; # 0, then the two definitions of particles and vacuum are
different, and the vacuum from a;|0) = 0 will not be annihilated by a;

ail0) =) Bill;) #0 (3.43)
J
In fact, the number operator N; = a;fa; gives

OIN[0) = 3185 (3.44)

which means that |0) vacuum contains particles of the u; mode. Thus, the |0)
vacuum is an excited state in the Fock space defined from the |0) vacuum state.
For infinitely many degrees of freedom, the two Fock representations are unitarily
equivalent only when the Bogoliubov coefficients satisfy the appropriate conver-
gence condition, schematically Zij |8:;]? < oo. Otherwise, the two representations
can be unitarily inequivalent.

This Bogoliubov mixing of positive- and negative-frequency modes is the basis of
the mechanism whereby the vacuum changes in time in an expanding universe,
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and particle production gives us a generation of structures from initial quantum
fluctuations during inflation. It is also the basis of the Unruh effect, where an
accelerated observer observes particles in the Minkowski vacuum, an effect similar
to Hawking radiation where an observer at rest far away from a black hole observes
particles or radiation from the black hole. We will discuss these examples in more
detail in the next sections.

3.2 Killing Vectors

Consider a vector field defined by an integral curve z#(t). One can think of x#(t)
as mapping the space-time coordinates of an observer as a function of time. Then
we can think of the vector

dzt

— = VH (3.45)

and define the Lie derivative of a scalar, vector, or tensor along that vector

field

Scalar: Z, f =V"0,f
Vector: £, U" =VY0,U" —U"9,V* (3.46)

The Lie derivative of the metric is
L, g =V Dogu + (DuV?) gr + (D,V?) g (3.47)

Since the covariant derivative of the metric vanishes, D,g,, = 0, it is equivalent
to

L, g = D,V, +D,V,. (3.48)

If we have a displacement in the direction given by a vector X* that leaves all
distance relationships unchanged, then there is an isometry, and the vector field is
called a Killing vector.

More precisely, consider the infinitesimal diffeomorphism generated by X*,
't =zt + eXH. (3.49)
By definition, the metric transforms as

ox'? 0x'°

Gul@) = S g (), (350
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For an isometry we require g;,, () = g,.,(z). We have

ox'*
=o0h a,X* 3.51
@x” v e ( )
such that
g:w(a:) = (6 + €0, X") (07 +€0,X7) gpo(zz:)‘ + eX?) (3.52)
— (50 4 €0, X")(05 + € 0, X") [gpg(x) + X 00gp0 (2) + .. ] (3.53)
= g,uu<x> + € [g,w ayXU + Gvo a,qu + X)\aAg,uui| + O<€2) (354)
= Guv + E(ng),uu (355)
= gw + (D, X, + D, X,) + O(€). (3.56)
Imposing the isometry condition g;,, = g,,, therefore gives
(Zx9)w =D, X, +D,X, =0.
For a Killing vector X*#, this gives the Killing equation
D,X,+D,X,=0.
If some V* is a Killing vector, we then have by definition
fvgw, = 2D(HVV) =0 (3.57)

and locally one can choose coordinates adapted to the Killing flow such that V*
points along one coordinate direction and the metric is independent of that coor-
dinate.

The Killing vectors imply conserved quantities. For example, if u* is the tangent
vector to a geodesic and V* is a Killing vector, then

d ny —
pm (V,u") = 0. (3.58)

Thus a timelike Killing vector gives a conserved energy along the geodesic, while
spatial or rotational Killing vectors give conserved momentum or angular momen-
tum.

From the covariant conservation of the energy-momentum tensor D,T" = 0, it
also follows that the current

Jh =V, T (3.59)
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is conserved. Indeed, assuming the stress-energy tensor is symmetric,
D,J" = (D,V,)T" 4+ V,D,T" =T"" DV, = 0. (3.60)

Equivalently,

1
D, (V,T") = —0,(/—gV, T*"") =0 . 3.61
i ) 7= (v ) (3.61)
Provided there is no flux through the boundary, this gives a conserved charge
obtained by integrating J* over a space-like hypersurface.

32



Lecture 4 QFT in Curved Spacetime Martin S. Sloth

SCALAR FIELD IN FRW SPACETIME

On very large scales, scales larger than the scales of galaxy clusters, the universe
appears homogeneous and isotropic. Furthermore, the measured spatial curvature
of the universe is consistent with zero. With these assumptions, the most general
space-time metric compatible with homogeneity, isotropy, and flat spatial sections
is the spatially flat Friedmann-Robertson-Walker (FRW) metric

ds? = —dt? + a® (t) [da® + dy?® + d=] (4.1)

Where a(t) is the scale factor.

In this section, we will assume that the scalar field contributes a subdominant
energy density, and that we can ignore its influence on the geometry. We will
therefore treat the metric as fixed and disregard the influence of the fields on the
geometry.

Now consider the minimally coupled, free, real massive scalar field ¢(x)

1 1
5= [ %= [ﬁgaﬁ (0u6) (030) + 2m*?| (42)
with the equation of motion as before
0,0 +m?¢ =0 . (4.3)

with O, = —¢* D, D,,.

In FRW space-time, it is convenient to introduce conformal time

n(t) = /t % with adn = dt (4.4)

When differentiating with respect to conformal time, we denote it with a prime, like
0,9 = ¢'. In the coordinates (7, ), the infinitesimal line interval becomes

ds® = a* (n) [—dn® + dz?] . (4.5)
This means that the metric is conformally flat

g () = M)nw, ¢ (n.x) =a (™ (4.6)

and related to the Minkowski metric by a conformal transformation of the form
G — Q% (X) g, or equivalently g — Q72 (x) g"”, preserving angles and ratios
of magnitudes.
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To solve the equation of motion, it is also convenient to make a field redefini-
tion

X=a(n)o. (4.7)
Then using /=g = a* we have
V—=gm?¢? = m2a®X? (4.8)
and
V=99 (0a0) (959) = a® (=¢” + (V9)°) (4.9)
with
a?¢? = X? + X2%H — [xgaﬂ/ (4.10)

where the last term is a total derivative and can be dropped under the integral in
the action

1 2
5= / Py [X? — (VX)? —m2,, () ] (4.11)
with

2 _ o5, d
The action (4.11)) is identical to the action of a scalar field in Minkowski space with
a time-dependent effective mass. Thus, all the effects of gravity are encapsulated
in the time dependence of m.ss for this free, minimally coupled scalar field after

the field redefinition X = a¢.

The action is explicitly time-dependent, which will also be true for the related
Hamiltonian, and so the energy of X is not conserved. This leads to the phe-
nomenon of particle creation in the external field of gravity (with the energy sup-
plied by the gravitational field).

4.1 Mode Expansion
The equation of motion for the field, X (n, x), is

"
X" — VX + <m2a2 — a—) X=0. (4.13)
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We notice that the Laplacian V? is the usual one from flat space, having e’*? as
eigenfunctions (a consequence of vanishing spatial curvature), and we can expand
in Fourier modes

X(n,x) = / (Qd—’zﬂxk (n)e™® (4.14)

m)

Inserting the Fourier expansion into the equation of motion, we obtain the Fourier
mode equation

CLH

Xy, + {kQ +m?a® (n) — E] Xi =0, (4.15)
which we can write in the form of a harmonic oscillator
Xy 4+ wi (n) X =0 (4.16)

with a time dependent frequency wi = k* +m?;; (n).

In order to find a general solution, let us first choose one complex solution, a mode
function Vi(n) such that

VI+wi(mVe=0 (4.17)

with non-vanishing Wronskian W [V, Vi¥] # 0. Since wj is real, V}* is then also a
solution and is linearly independent of Vj.

Then the general solution, Xg(n), can be written as a linear combination of Vj and
Vi as:

1 —Y/*
Xi () = G lag Vi (n) + a™ Ve (1)] (4.18)
If X is real we have
Xp=X_p = af =(ag)" , (4.19)

and we obtain the following mode expansion

dSk 1 — /% + ik-x

Since wy, depends only on k = |k|, we may choose V_j = V. Changing k — —k
in the second term then gives the equivalent form

d3k3 ik-x + —ik-x
)= [ W%[a;vg‘(n)ez FalVeme® ] . (2
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One can now verify that

B VIXg — ViX, W [Vis, X
_ okt T Ve p W Yk Ak] 422
‘%'fmw—nwqumnwﬂ’ (4.22)

where W is the Wronskian, and again we have a = (a,;)*.

Thus, having obtained the mode expansion, we are ready to quantise.

4.2 Quantization of a Scalar Field in FRW

The mode expansion for the field operator X is obtained by promoting constants
to operators and taking

agy — ag (4.23)
and we get the mode expansion for the field operator
X (n, ) = /d?)—k:i (Vis (n) €% ay, + Vi (n) e **a)) (4.24)
’ (2#)% V2 * *

where we impose the usual commutators

lag 4] = 6@ (b =K, [ag,a,] = [af,a)] =0 (4.25)

consistent with
K@) X (,22)] = 6 (@ — @) . (4.26)

when the Wronskian condition is satisfied

/ *_VV*/
tm (V7 vp) = LV — ViV

W Ve, V]

=1. 4.27
21 21 ( )

Equivalently, W [Vi, V] = 2i. With the factor 1/1/2 used in the mode expan-
sion, this is precisely the Klein—-Gordon normalisation condition discussed in the
previous lecture.
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CHOICE OF VACUUM

Remember we defined the vacuum state as the state annihilated by the annihilation
operator

az]0) = 0. (5.1)

But we have seen that this definition is not unique and a, is fixed by the choice
of mode function V(7). Selecting a specific vacuum, therefore, comes down to
selecting a preferred mode function. If we expand the field in a different set of mode
functions, the vacuum defined by the related annihilation operators changes.

Since the vacuum is not defined in a mathematically unique way, the choice of a
vacuum state is a physical condition that needs to be imposed. There are different
physical conditions one can impose and, therefore, different ways to choose the
vacuum state, depending on the physics one is describing. Different observers may
naturally use different notions of positive frequency and hence different particle
definitions. For example, static and freely falling observers near a black-hole hori-
zon, or cosmological observers at different times in the universe, need not agree on
the particle content of a given quantum state.

5.1 Instantaneous Vacuum

In flat space, we defined the vacuum as the eigenstate with the lowest energy.
However, now the Hamiltonian depends explicitly on time, so there is no time-
independent lowest energy state that could serve as the vacuum.

Instead, we can try to define the vacuum to be the lowest energy eigenstate at
some particular moment 7 = 7o of the instantaneous Hamiltonian H () at that
moment. The Hamiltonian of the rescaled canonical field is

A 1 . ) ~2
H(n) = 5/d% [71'2 + (VX)" +m2;; (n)x] (5.2)
where
A= af =X (5.3)
X

Each Fourier mode therefore behaves as a harmonic oscillator with instantaneous
frequency wi(n) = k* + mgff(n).

Using the mode expansion for X (see end of lecture four) gives

&l V() + Wi () Ve ()
(27)° 4 |

E (n) = (0 (1) [0) = / (5.4)
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In order to minimize the energy at n = 7y, we need to minimize

Ve () + wid () Vi ()] (5.5)
for every k-mode at n = ng. Let us denote
Vi (o) = sk, Vi (1) =t (5.6)

where the Wronskian condition for the mode functions V}, implies
Spte — Skty, = 21 . (5.7)
Now, we need to minimize
[ta)” +w? (o) [swl” - (5.8)

The phase of the mode function is a free parameter, so we can without loss of
generality take sp to be real and write tg = t1x + itor. From the Wronskian we
then have

27 1
Sk — ! Y — 1 (59)
ty — 1, tok
and inserting into (|5.4])
d*k wi (n
AE (o) = / — {t%k + 3, + ’“2< 0) (5.10)
(271') t2k
For w} (no) > 0 there is a minimum for
tlk == O, tgk = W (7’]0) (511)

while for w? (1) <0 there is no normalizable instantaneous ground state of harmonic-
oscillator type; for wi < 0 the instantaneous Hamiltonian is unbounded below,
while for wi = 0 the mode behaves as a free particle.

For w} (19) > 0 the instantaneous vacuum at 1 = nq is given by
1 . .
Vi (o) = NZRCO) Vi (o) = iv/wi (o) = iwi (o) Vi (m0) - (5.12)
k (7o

Remember that in Minkowski space-time wy is time independent and yields the
mode function

Vi (n) = \/%—ke”’” (5.13)
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which agrees with the instantaneous vacuum solution above (up to a phase).

However, in time-dependent backgrounds, the instantaneous vacuum at different
times will generically differ: |0),, # |0),,. Suppose Vi (1) and Uk(n) are the mode
functions describing the instantaneous vacuum at n = 79 and n = n;. After
evolving both exact mode functions to a common time, for example n = 7y, we
can relate them by Bogoliubov coefficients oy, and [F:

Vi (m0) = axUy, (o) + BrUs (10)
Vi (n0) = aw Uy (10) + BrUy, (10) (5.14)

where the coefficients can be expressed as

AN UVie — UV,

24 u 2 70
The Wronskian normalization implies
lowl” — |8kl =1 (5.16)

We could also have used asymptotic values at 7 — —oo instead of values at 7,
which would then appear as an excited state in the instantaneous vacuum at any
finite time. We thus see how particles and matter in our universe can be created
out of nothing in the infinite past.

5.2 Adiabatic Vacuum

If the effective frequency varies slowly with time, it is useful to consider the adia-
batic vacuum. Again the mode equation is

Vit wp (M Ve=0,  wi(n) =k +m(n) (5.17)

in a region where wi > 0. Adiabaticity requires, schematically,

w/ CL)”
% <1, |w—’§ <1, ... (5.18)
k k

The mode equation possesses a formal WKB-type ansatz. With the normalization
and phase convention used in Lecture 4, where V;’ multiplies the annihilation
operator and W [Vj, V¥ = 2i, we write

Ve = \/1Wkexp [z / W () dn’} (5.19)
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where

1 /W' 3Ww?
Wﬁm—wﬂm——(k k)

2\ Wi 2,2
If W}, satisfies this nonlinear equation exactly, the ansatz is an exact solution. The
adiabatic/ WKB approximation is obtained by solving the equation iteratively in

time derivatives of wy,.

(5.20)

In the adiabatic limit, where the time variation is slow, we have to zeroth or-

der
Wi =~ W () = wie () (5.21)

so the zeroth order for the WKB-type solution becomes

1 n
FAS ex [2/ wi (1) d ’] 5.22
k \/w_k p - k(n) 77 ( )

This solution approximately satisfies the instantaneous minimum energy condition.

To see this, we note that the mode functions of the zero’th order adiabatic vacuum
are defined by:

Vielm) = Vi), Vi)l = Vi )| (5:23)
=no
which implies the normalization of the full mode function at n = g
1 1w 1
Vi = —— Vi = (iwp — =—& 5.24
L= Wl = (- 52 ) (5.21)

=10

The first term agrees with the instantaneous-vacuum condition, while the second
term is suppressed when the frequency changes adiabatically.

We can now approximate the vacuum energy per Fourier mode

1 2 9 1 1w 1

e A ):—w T/ O 5.25
1 (VAP + R P) = Gon 158 =~ e (5.25)

which is approximately the minimum energy per mode at n = 1.

Ex,

Similarly, we can define the second-order adiabatic vacuum by using now

2 1 /! 3w.?
”7(2)> N e 5 96
( k I we 2wi)’ ( )

which on the other hand will differ from the instantaneous vacuum.

It is important to note that the adiabatic mode functions are approximate, but
that they are only used to normalize the exact mode solution at n = 7y, and
it is the exact mode solutions that are quantised. A’th order adiabatic vacuum
is therefore mathematically a perfectly good consistent vacuum, not only in an
approximate sense.
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STANDARD BI1G BANG MODEL

In order to apply the methods of the previous sections to understand how parti-
cles and matter is produced in the early universe, let us first review some of the
basic and most relevant aspects of cosmology. Assuming large-scale isotropy and
homogeneity, we have, as earlier discussed, the FRW metric. This time we write
it in spherical coordinates and allow for spatial curvature

2

1 —kr?

ds® = —dt* + a® (1) + 7% (df? + sin® () d¢?) | . (6.1)

Inserting the metric into the left-hand side of the Einstein equation
1
R — §Rg,w = —8nGNTw (6.2)

and the energy-momentum tensor for a comoving ideal fluid with energy density
p and pressure p,

THU = (IO _'_p) U’Hul/ +pg,ul/7 Tlul/ = dlag (_p7p7p7p) ) (63)

where u* = (1,0,0,0) for a comoving observer, one obtains the Friedmann equa-
tions. From the time component (700" component) of the Einstein equation, one
obtains the first Friedmann equation

H? = <9>2 _SmCy,_k (6.4)

a 3 a?

and from the spatial component (i7" component) of the Einstein equation, one
obtains the second Friedmann equation
. a e
H+H*=-—=——""%(p+3p) . (6.5)
a 3
It is also useful to consider the comoving conservation of the energy-momentum
tensor

D'T,, =0 (6.6)
which implies the continuity equation
p+3H (p+p)=0. (6.7)

The continuity equation is not independent of the two Friedmann equations. Only
two of the equations are independent, and the third can be derived from the
others.
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If we assume a specific equation of state, p = wp, with constant equation of state
parameter, w, then from the continuity equation, we have

p oc a3t (6.8)

and then from the Friedmann equation, we have, in a spatially flat universe dom-
inated by this component, for w # —1,

a o t3E (6.9)

For w = —1, instead, p = const. and a(t) grows exponentially. So the continuity
equation tells us how the energy density dilutes with the expansion of the universe,
and the Friedmann equation gives us the scale factor as a function of time.

Some important examples are

Vacuum energy : w = —1, pp ~ const.
poca @t = Radiation: w=131, p.~a™? (6.10)
Matter/dust :  w =0, pn~a>
We note that as we go back in time and the scale factor shrinks, the radiation
component becomes more and more important, and we conclude that among the
standard matter, radiation, and vacuum-energy components, radiation dominates

sufficiently far back in the hot Big Bang era.

To parametrise the departure from a spatially flat universe, it is useful to define
the critical energy density

_ 3 H?
81G N
which is the energy density we would infer from a measure of the expansion rate
if the universe is assumed to be flat. We then define the ratio between the actual

energy density and the critical energy density

pe (6.11)

p
= — (6.12)
Pe
and the curvature is then related to the departure of this quantity from one
k
Q—-1= Y (6.13)

For 2 < 1 we will have an open universe with a hyperbolic geometry. For ) =
1, we will have a flat universe, and for €2 > 1, we will have a closed universe
with the geometry of a hypersphere. This closed universe is finite in extent, like
the area of an ordinary sphere. Just like a sphere is a two-dimensional surface
embedded in 3 Euclidean spatial dimensions, the spatial section of a closed universe
is the 3-dimensional surface of a hypersphere embedded in 4 Euclidean spatial
dimensions.
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6.1 Particle Horizon

For a radiation-dominated universe, the energy density blows up as the scale factor
and time go to zero, a finite time ago. So in the standard Big Bang model, the
universe started in a radiation-dominated universe after the Big Bang, a finite time
ago. This also implies that photons have only travelled a finite distance since the
Big Bang, and therefore the observable universe is finite even if the universe as a
whole is infinite. To make this more precise, it is useful to introduce the particle
horizon concept.

Photons travel along null geodesics with ds? = 0. For a radial null ray in the
curved FRW metric, it is convenient to define the comoving radial coordinate y
by

dY = —— (6.14)

so that the null condition gives

dt
dy = — . 6.15
X= 0 (6.15)
For a spatially flat universe, k& = 0, we simply have x = r and hence dr =

dt/a(t).

The physical radial distance on a constant-time hypersurface is a(t)y, and the
physical particle-horizon distance at time ¢ is therefore

t dt/
dy (t) = a(t — 6.16
wt)=a) [ G (6.16)
where t; denotes the earliest time to which the classical cosmological description
is extrapolated.

In the radiation-dominated era,

1

a(t) ctV? — H=_, (6.17)
2t
and, taking t; = 0 within the classical solution,
Lat 1
dy (t) =a(t =2t =—. 1
w0 =a) [ =g (6.18)
More generally, if a(t) o< t? with 0 < 3 < 1,
t B
dy (t) = = H™ . 1
w ()= 105 = 105 (6.19)
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Thus the particle horizon and the Hubble radius H~! are distinct concepts, al-
though they are of the same order of magnitude in the standard decelerating
power-law eras.

If a physical scale A is much larger than the particle horizon, it is out of causal
contact, as no information can have propagated on those distance scales since the
beginning of the classical cosmological evolution.

6.2 Horizon Problem

At recombination, around 380000 years after the Big Bang, the universe had cooled
sufficiently for electrons and nuclei, primarily protons, to form electrically neutral
atoms. Before this time, photons had enough energy to ionise the hydrogen atom
into free electrons and protons, and as the temperature fell, protons combined with
electrons into electrically neutral hydrogen atoms. At this point, the density of
free electrons dropped dramatically, so photons ceased to scatter efficiently through
Thomson scattering and decoupled from the baryonic matter, making the universe
transparent to photons, and leaving us with the Cosmic Microwave Background
(CMB) radiation as a snapshot of the universe only 380000 years after the Big
Bang.
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Figure 2: Illustration for the horizon problem.

The CMB shows a blackbody spectrum with a temperature around 2.725 K, ho-
mogeneous to within roughly one part in 10° after removing the much larger dipole
anisotropy. The extreme homogeneity of the CMB actually poses a problem: the
horizon problem. One can see the problem by comparing the particle horizon
today with the particle horizon at last scattering.

The physical distance travelled by a photon since the Big Bang is called the particle
horizon. Using dx = dt/a(t) for photons, we have

dp(t) = a(t) - /Ot %— %Hl, alt)ct?, 0<pB<1. (6.20)

Last scattering was at z ~ 1100. The physical size at last scattering of the region
that evolves into our present observable region is approximately

Mt (trs) = dur (o) (aﬁ> — dy (to) (ﬂ) | (6.21)

ag Trs

where we have used T o< a~! for the photon temperature.
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We can assume approximately that the universe was matter-dominated at last
scattering

H? o ppo o< a™ o< T°, (6.22)
which implies that the Hubble radius scales as
T) o\ 32
Hil o (Tij) . (6.23)

The particle horizon during matter domination is dy = 2H !, so for an order-of-
magnitude estimate it has the same scaling. If we make the crude approximation
that this scaling may be used to compare the last-scattering and present particle
horizons,

T —3/2
LS > . (6.24)

dy (trs) ~ du (to) (_

To
This implies that the length corresponding to our present observable region was
much larger than the particle-horizon size at last scattering. Comparing volumes

of the two scales, )
3 —3/2
25 (tus) _ ( To ) ~4-10%, (6.25)
2 (tos) Trs

using Trs/Ty ~ 1100. A more accurate treatment including the radiation-to-
matter transition and the late-time cosmological evolution changes the numerical
factor but not the qualitative conclusion: we find that there were a large number of
causally disconnected regions within the volume corresponding to our observable
universe at the time of last scattering.

We observed that at last scattering the temperature at two points is the same,
even if they can never have "talked" to each other (see figure above). This is the
Horizon Problem. We should see no correlation of density fluctuations between
seemingly completely uncorrelated universes.

6.3 A Solution to the Problem

The core of the problem is the finite particle horizon

du () = a (1) /0 ai’;) —a(®) Oai—‘g. (6.26)

We notice that in a radiation-dominated universe undergoing decelerated expan-
sion with a < 0, a is larger in the past, and the integral converges in the lower
limit, while if we would have accelerated expansion with ¢ > 0, then a is smaller
in the past, and the integral diverges in the lower limit, solving the problem.
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Therefore, an early phase just after the Big Bang, before radiation domination,
with a > 0, will push out the particle horizon, solving the horizon problem. This
is also known as cosmic inflation.

From the second Friedmann equation

% =——(p+3p) (6.27)

we have a > 0 implies p + 3p < 0, or, for p > 0,

p< —g. (6.28)

Aphys outside the horizon

Inflation Rad. dom. In(a)

Figure 3: llustration for the particle horizon.

In realistic models of inflation, we have an approximate vacuum-energy-type equa-
tion of state, p~ — p. The continuity equation

p+3H (p+p)=0 (6.29)

then implies p =~ const.. Then, from the first Friedmann equation for negligible
spatial curvature during inflation

. (G N
3

H2

(6.30)

we have H = const. during inflation. In the figure above, it is illustrated how this
solves the horizon problem by placing a super-horizon scale at last scattering inside
the horizon initially during inflation, such that initial conditions can be set on sub-
horizon scales at the beginning of inflation and explain why all of the universe is
so remarkably correlated and homogeneous at the time of last scattering.
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Finally, let us note that inflation with nearly constant H corresponds to an ap-
proximately exponential expansion

Cconst. = ar~a;efit=t) (6.31)
a

Exact constant H gives de Sitter space-time in the spatially flat slicing, while
realistic slow-roll inflation is approximately de Sitter (quasi-de Sitter).
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THE INFLATON

To have a microphysical understanding of inflation, we need a field theory descrip-
tion of a fluid with p < —p/3. The simplest possibility is to consider a scalar field
¢, called the inflaton. The minimally coupled inflaton has the action

Sy = /d4x\/—_g£
__ / dixy/=g [%ama% ‘v (cb)]

. 1. 1 -
_ / dtdiza® [50;2 20006~V (¢)} (7.1)
Using Euler-Lagrange, we get the equation of motion:
. A vZ
¢+3H¢—?¢+V¢(¢):0 (7.2)

where Vy = fl—‘;. The energy-momentum tensor of the scalar field is given by

2 48,
T y = —— . .
22 /__g(sgw/ (7 3)

Now usingf

1
O/—q = 5\/—99“”59,“, . (7.8)
3Jacobi’s formula for the variation of a determinant gives

69 =99""0g0- (7.4)

Hence
1 v
oN/—g = 5\/—gg“ OG- (7.5)
Since g"“gq, = 0, variation also gives

59/w = _guaguﬁégaﬁv (7.6)

and therefore, when varying with respect to the inverse metric,

1
0V=9 = =5V=9 909" (7.7)

This is the form needed directly in the definition of 7},,, above.
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Applying this relation together with d,/—g = —%\/—gg,wég‘“’ when varying with
respect to g"” then yields
T,uu = u¢au¢ + g,ullc . (7'9)

If we compare with the energy-momentum tensor of an ideal fluid 7, = diag (p, a*p, a*p, a®p),
we can make the following identifications

1. 11
Too = ps = 56"+ V (9) + 5 (Vo)’
= Lpi 2L v 2 Ll ey
P¢=§Ti—2¢2 V(o) 6 a2 (Vo)™ . (7.10)

For a generic inhomogeneous field, 7;; need not have the perfect-fluid form point
by point. The expression above is the isotropic spatial pressure obtained from one
third of the spatial trace.

Notice if the gradient term dominated, we would have p, = —%p(b, which is not
quite enough to drive inflation. Also, if the kinetic term dominates, we get a stiff
fluid with p, = py, which obviously is not good for describing inflation, but if
the potential term dominates, we have an equation of state p, = —p, as desired.
We are therefore interested in describing inflation by a homogeneous potential-
energy-dominated scalar field. Let us therefore expand the quantum field as a
perturbation around a homogeneous classical background

(@, 1) = ¢ () + 66 (, 1) (7.11)
with the background defined by
(O (t,2)[0) = & (1), {0166 (,)]0) = 0. (7.12)

More generally, the expectation values here may be understood as being taken in
the chosen quantum state; it need not be the exact interacting vacuum.

The classical background describes space-time well when quantum fluctuations
are small, and the energy-momentum tensor for the classical background be-
comes

1.
Too = pg. = §¢§ +V (o)
j—’i.
a?

1.
= po. = 58—V (60) (713)

For the case with V(¢.) > ¢? we now have Pé. = —pPg., Which gives us inflation.
In fact, for a homogeneous scalar field

Z_' _ 8W§N (v-&). (7.14)
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so accelerated expansion requires V' > gbg, while slow-roll inflation assumes the
stronger condition ¢? < V. Below, we will study the necessary conditions for
inflation in more detail.

7.1 Slow-roll Conditions

Let us study the equation of motion for the background
Ge +3Hd+ V' (¢) =0 . (7.15)

If we assume a slow roll with ¢? < V(¢), then, unless we also assume b to be
negligible, the derivative will grow fast and the phase of inflation will be short.

Thus to have a prolonged era of inflation, we will also assume ‘gb < 3H )qﬁ‘ This
leads us to the slow-roll equation of motion
3Ho ~ —V, (¢) (7.16)
and
8rG 8rG
H? = = pp, = =25V (00) (7.17)

when the inflaton dominates the total energy density.

The slow-roll equation of motion and the approximation of the energy density in
terms of the potential energy are then valid when the following slow-roll conditions
are satisfied

2

12 ﬁ 2
A<V (9) = <H

¢ < 3Hp, = Vyy < H? (7.18)

where we used d/d¢ = (1/¢)d/dt, when applying the chain rule. Rather than using
these schematic relations, it is conventional to express these conditions through
the dimensionless potential slow-roll parameters

L (Ve MR (VN
V=TrGy\V ) ~ 2 \Vv )

L Voo _ ype Voo

= — = . 7.19
nv 87Gx V PI7y; ( )
For comparison, the Hubble slow-roll parameter is
i &
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where the final equality is exact for a spatially flat universe dominated by a canon-
ical homogeneous scalar field. Under the slow-roll approximation,

€Eg >~ €y. (721)
The relation
1 Vi
f: —_—— ;22
v 3 H? (7.22)

also follows from 3M3,H? ~ V.

In terms of these parameters, the slow roll conditions become

ev < 1 (7.23)
v < 1. (7.24)

Note, however, that formally we only require e < 1 to have inflation, since d > 0
is equivalent to ey < 1. It is not called slow-roll inflation unless the slow-roll
conditions are satisfied.

In order to understand how much inflation is needed, one can use that the scale
factor has an approximately exponential growth when H varies slowly. Then in

terms of e-foldings
af d ty
N:m(ﬂ):/ jz/‘Hﬁ. (7.25)
CLZ' a; a t;
Using the slow-roll equations, this can also be written as

1[4V
N:——/-—m. (7.26)
M]%l b V¢

For the cosmological scales observed in the CMB, one typically requires of order
50-60 e-folds between their horizon exit and the end of inflation, although the
precise number depends on the inflationary energy scale and the post-inflationary
reheating history. A sufficiently long total period of inflation solves the horizon
and flatness problems.

7.2 Inflationary Models

There are many types of inflation, since the number of potentials that can be
constructed to satisfy the slow-roll conditions is infinite. It is, however, useful to
consider two broad classes of inflation. Large field models and small field mod-
els.
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The large-field models have a potential of the form

V(¢) = A* (§)p ., p>0 (7.27)

such that the second slow-roll parameter becomes

V,
1, =M§z$=p(p—1)

M3,
2
The slow roll condition |n,| < 1 then leads to ¢ > Mp; (for p # 1).

(7.28)

Small field models can be thought of as having a inverted potential of the form

V(p) =\ {1 — (?ﬂ ., p>0 (7.29)

V. ¢ p M2
_ g2 Yed _ Pl
n, =Mp~;-=-pp-1) <;> e (7.30)
For ;1 < Mp; the slow roll condition |n,| <1 can be rewritten as
:up ) p—2 ( 0 ) p—2
<L | =5 = |- < 7.31

for p > 2.

There are good and bad sides to both types of models, but the problems and
the benefits are in some sense complementary. Large-field inflation is historically
associated with the chaotic-inflation idea, in which inflation need not begin near a
specially chosen local maximum of the potential but can start in regions where the
scalar field initially takes sufficiently large values. At sufficiently high field values,
some models can additionally enter a regime of eternal inflation, where quantum
fluctuations of the field over a Hubble time become larger than its classical slow-roll
displacement.

A separate issue in large-field models is the control of the effective field theory
when the field excursion is comparable to or larger than Mp;. A super-Planckian
field value does not by itself invalidate effective field theory, but generic higher-
dimensional operators can spoil the flatness of the potential unless their coefficients
are sufficiently suppressed. Approximate shift symmetries or related structural
mechanisms can protect the inflaton potential.
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Small-field models, by contrast, often describe inflation near a local maximum
or other special region of a potential and can arise in particle-physics motivated
constructions. They typically involve an additional scale and may require more
special initial conditions. The precise advantages and difficulties, however, depend
on the detailed model rather than solely on whether the field range is classified as
“large” or “small”.
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COSMOLOGICAL PERTURBATIONS

The initial selling point of inflation is that it makes the universe nearly uniform.
However, small quantum fluctuations of the inflaton are stretched to cosmologi-
cal scales by the rapid expansion. This will induce ripples in spacetime due to
the coupling of the inflaton fluctuations to the metric fluctuations in the Einstein
equation. Since gravity couples to all matter, later on, the ripples will seed per-
turbations in photons (CMB), dark matter, and baryons. This is the blueprint for
structure formation since dark matter and baryon over-densities become gravita-
tionally unstable in the late universe and form the structures we observe, such as
galaxies, galaxy clusters, and in the end planetary systems like our own.

In order to study how this mechanism for the creation of large-scale inhomo-
geneities in the universe works and study the spectrum and evolution of perturba-
tions, we will first quantise a scalar field during inflation in this lecture. Then we
will, in the next lecture, go on and take into account also the metric perturbations.
Finally, we will briefly discuss the observational imprint on the CMB.

8.1 Quantum Fluctuations of a Scalar Field in Quasi-de Sit-
ter Space
Let us consider a scalar field ¢(x,t) on a time-dependent background. We will as

usual, split the field into a homogeneous background value and a small perturba-
tion

o (x,t) = ¢ () + 00 (x, 1) (8.1)
and then quantize d¢ (x,t). To proceed, we expand in Fourier modes
3
6¢ (x,t) = / d—ksei’c%qsk (t) . (8.2)
(2m)2

If ¢ is sub-dominant, meaning that the energy density of the field can be neglected
compared to the total energy density in the universe and therefore has a negligible
back-reaction on the metric, we can neglect metric perturbations. Perturbing the
equation of motion for the field to linear order in perturbations,

. . . . V2
et 06+ BH ($o+00) = ~100 4V + Vb= 0 (8.3)

and applying the background equation of motion

be+3Ho+Vy=0, (8.4)
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we get the linear equation of motion for the perturbations

2

S + 3Hgy, + Eam +m20pr =0 (8.5)

where the mass is, in general, an effective mass determined from the potential

? = V. This equation is only valid if the energy density of ¢ is negligible.
Otherwise, it creates metric perturbations, which need to be included at the linear
level as well.

It turns out to be convenient to switch to conformal time

1 1
= [ -dt=[| —da= | ——=d :
1 /a aq’ /a2H ¢ (86)

If we consider pure de Sitter, then taking the Hubble parameter to be constant
H = const., we have

H/_m— (8.7)

where the integration constant has been chosen so that n — 0~ as a — oc.

For quasi-de Sitter expansion it is useful to introduce

H
Using
d 1 1—e€
(=) == 8.9
dt (aH) a ’ (8.9)
we find, for approximately constant ¢,
1
= 8.10
1 aH (1—¢) (8.10)

When € changes slowly, this relation remains valid to leading order in the slow-roll
expansion.

If we also introduce the canonically normalized field, X = ad¢, then we have

"
SX) + (k:2 +m?a® — %) 6Xp, =0 (8.11)
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where " 7 " marks derivatives with respect to conformal time. This equation has

the familiar form of a harmonic oscillator with a time-dependent mass

a//

M? (n) = m*a® — ” [m2 = Vo) - (8.12)

Using that & = [ + H? and ¢ = —% we get
1

= (84 1) = (14 20
a

a

:a2(2—e)H2:772<(21—__€z)22%(2+36) (8.13)
Using this with gives
oXp+ (K* + M? (1)) 6X, = 0 (8.14)
where
2 1 (m? 2
M(n):ﬁ(m—2—3e>+0(e). (8.15)

Here we have also assumed that m?/H? is of slow-roll order, so products such as
em?/H? are of higher order.

We can bring this differential equation into a recognisable form if we define v

by
1 1
M? =—— (2 -=
() 7> (Vd) 4)

1 9 m?
2 _ 1 220y Y _
= V= M~ (n) 1 + 3e TR (8.16)
The differential equation now becomes a Bessel equation in reduced form
" 2 1 2 1

which has a generic solution in terms of Hankel functions for real v,
6% = /=0 [AHY (—k) + B HE) (—kn)] (8.18)

and the Hankel functions ngl) and H, 52) are defined in terms of Bessel functions of
the first and second kind as

HWY () = J, (z) +14Y, (z), HP () =J,(z) —iY, (z) (8.19)

v
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Now we can quantise the fluctuation field in the standard way by promoting it to
an operator 0Xy, which we expand in the mode functions

OXp, = OXpiy, + OXGaT, (8.20)
We imposd]

lag,al] = 6@ (k— k'), (8.21)
and canonical quantisation requires the Wronskian condition

IXROXG — OXGOX, =i . (8.22)

Thus the short-distance positive-frequency mode is normalized as e =7 //2k.

8.2 Massless Scalar in Pure de Sitter

As a warm-up, let us inspect the solution in the case of pure de Sitter space. In

that case we have Vg = % and the Hankel functions takes a particular simple form

yielding
~ i . ~ i .
Xe=A, [1— — e ™"+ B [1+— )k 2
‘ k( k‘n)e - k(+k‘n)e (8:23)

On small sub-horizon scales k > aH in the UV, we have —nk > 1 and thus

0Xp ~ Avke_ikn + ékeikn . (824)
If we take Aj, = \/szk, By = 0, then we recover the Minkowski vacuum in the infinite
past
|t
X = ——=e """ forn — —oo. (8.25)

V2k

This also corresponds to the zeroth-order adiabatic vacuum in the infinite past,
where we recover the usual dispersion relation
2

wz(n):k2+M2(n):k2—F—>k2 for n = —oo . (8.26)

4Tn this lecture we use the standard normalisation in which there is no extra factor 1 / V2
outside the mode functions.
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Notice the instantaneous vacuum only exists for w? > 0

2
wi(n) =k* — po >0, (8.27)
so only for modes satisfying
—kn > V2 (8.28)

does the instantaneous harmonic-oscillator ground state exist. This is slightly
stronger than the usual qualitative condition k& > aH for being deep inside the
Hubble radius.

Remembering that in the present normalisation the instantaneous vacuum (up to
a phase) is determined by

1 X}, (o)
2wi (o) OXk (10)

Xk (mo) = = —iw (10) , (8.29)

and keeping in mind that ny — —o0, wy (19) — k, one can verify that the above
normalisation indeed corresponds to the instantaneous vacuum at ny = —oo, which
is also called the Bunch—Davies vacuum,

1 .
OX)y = ——e " hn for n — —o0. (8.30)

V2k

More precisely, the full Bunch—Davies mode is

1 i .
Xy = —— 1 —— ) e ™, 8.31
. _%( ,m) (8.31)

On super-Hubble scales —kn < 1, we then find
SO R
YT Vakkn o 2k k

H

At a finite time 79 the instantaneous vacuum only exists for modes where —kng >
V2.

However, for ny — —oc all fixed comoving modes can be taken in the instantaneous
minimum energy configuration.

X

(8.32)
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8.3 Generic Scalar in Quasi de Sitter

Now, let us consider the more general solution valid for slow-roll inflation

5 = V71 [AHD (~kn) + BeH® (k)| (8.33)

Again, we can inspect the sub-horizon limit by using the large-argument limit of
the Hankel functions

HD (2> 1) ~ 4/ 2 il-31), HO (@3> 1)~ \/ieﬂ'(””*%%*%) ,
e T e X

(8.34)
and normalize to the Bunch—Davies vacuum by requiring
X = Le’ik", for —kn>1
V2k
= A= gei(%*%)?, Br=0. (8.35)

Then, using the small-argument limit for the Hankel functions
F 2 Yo 2 s ' F
HO (< 1) ~ —itW) (27 _ \ﬁe—lzz%—i (”f)g;—% (8.36)
¢ m x T r (5)

for Revy > 0, one can obtain the super-Hubble value of the mode function

i(v,—1) = _7F<V ) 1 1_
X = e'(vema)Fore=3_ 00 Z  (_ppyave (8.37)
I'(2) vak
so the mode function for the physical field 6(/5k is
s (vy) H(1 —¢) 3
S| o Vo3 179 —kn)2 T —kp <1, 8.38
‘ ?bk’ T (%) ok3 ( 77) n ( )

Using —kn ~ k/[aH(1 — €)], and dropping slow-roll corrections to the overall
normalisation, this is commonly written as

H [k \?" k
Soi| =~ — o<1, .
|0 ] \/2_]{;3(aH> . < (8.39)
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8.4 Power Spectrum

For a generic quantity g (x,t) with

g(z,t) = / (;ZT';eik'mgk (t) (8.40)

the power spectrum is defined as

A1t 2

<O’§7111§k2‘0> =60 (k) — ky) —— i3 — P, (k1) . (8.41)
Statistical homogeneity gives the momentum-conserving delta function, while sta-
tistical isotropy implies that the power spectrum depends only on k = |k|. With

the Fourier convention used above,

0 @010 = [ ST hm = [ R (8.42)

Thus the generic relation between the variance of the variable g (x, t) and its power
spectrum is

. dk
01 @0 0) = [ TR0 (5.43
Now in the case of our scalar field, we use
n d’k ~— ik-x *x At —ik-x
¢ (x,t) = T [0dkag, e™® + 6grate ] . (8.44)
(2)2

Using a|0) = 0 and [ay,a,,] = 6® (k — k'), we obtain

~ 3k dk k3
0005% @010 = [ Sl = [ Foglal - 66)

So we have
2
= Psy (k) = ﬁ [0¢x]” (8.46)
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When we insert the solution to the mode equation normalised to the Bunch—Davies
vacuum, we then obtain, to leading order in slow roll and neglecting the slowly
varying normalisation factor involving I'(v),

o= (Y (4)7 oar

The power spectrum, if measured, contains information about the mass of the
scalar field and the quasi-de Sitter background through the spectral index defined
as

_ dIn (B (k)

—l=——F~3—-2vu,. 4

Now from (8.16)), for a light scalar with m?/H? and e both small,

9 m2 3 m?2
V¢: Z+3€_F2§+6_@ (849)
so that
2m?
—1~-2 — . )
N €+ Ve (8.50)

For a genuinely sub-dominant spectator field, this is the appropriate result, and
there is no reason in general to identify m?/(3H?) with the inflaton potential slow-
roll parameter 7. If ¢ is instead the inflaton and slow roll holds, then m? = V,
gives m?/(3H?) ~ ny. However, in that case, neglecting the metric perturbations
is not self-consistent.

After the scalar metric perturbations are included and the gauge-invariant curva-
ture perturbation is quantised, the observable scalar spectral index for canonical
single-field slow-roll inflation becomes

ns — 1~ —6ey + 2ny . (8.51)

We will derive this result in the next lecture.
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METRIC PERTURBATIONS
So far we have considered fluctuations of the scalar field:
¢ = 01, (9.1)

If the scalar field dominates the energy density (like for inflation), then the Einstein
equation gives us the perturbations of the metric.

1
6T, = IR — 5(5 (guwR)| = —87GNIT,,

= g - (9.2)

Here the minus sign is consistent with the curvature convention used in the ear-
lier lectures. With the opposite convention for the Riemann tensor, the Einstein
equation would instead be written with 487G nT),,. The physical Friedmann and
perturbation equations are unchanged.

Thus, the scalar-field and metric perturbations are coupled through the linearised
Einstein and Klein—Gordon equations,

0 < gy - (9.3)

9.1 Linear Perturbation Theory

Perturbation around the FRW metric gl(fl),):

G = G + 09 (2,1) (9.4)

Generally 6g,, (x,t) can be parametrized in terms of scalar modes (spin 0), vector
modes (spin 1) and tensor modes (spin 2). Vector perturbations are associated
with transverse velocity /vorticity degrees of freedom of matter, while tensor per-
turbations describe gravitational waves.

For the tensor modes, true degrees of freedom can exist even in vacuum. In
vacuum, the only propagating degrees of freedom of the metric are gravitational
waves, which are two polarisations of the spin-two tensor modes, as we will see in
a moment.

Write:

Guv (T,1) = 9,(;3/) (1) + 09, = a’ My + ] - (9.5)
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With the inverse of the metric:
9" (@) = a7 [ = W]+ O (h?) (9.6)
where the Minkowski metric is used for lowering and raising the indices on h,,:
" = ntPn"h,q (9.7)

We can now parametrize the metric degrees of freedom in terms of the following
scalar, vector, and tensor functions

_(—2¢ B;
o = ( B, 206, + E]) (98)
where F;; is traceless, and ¢ parametrizes the “trace degree of freedom”.

Separation in Scalar, Vector and Tensor Parts

The vectors can be decomposed into a true vector and a scalar part. Helmholtz
decomposition for a general vector u; gives:

u =0,V +YV (9.9)
where 0;V is curl free with
0,0,V — 0;0,V =0, (9.10)
and V; is divergence-free with
oV, =0. (9.11)

Using this for our vector part of the perturbation metric, we get:
Bi=B+B/, B’ =0B, 0B’=0. (9.12)

The tensor part can be decomposed into a scalar, a vector and a tensor part
like:

E;=E+E} +E] . (9.13)
The scalar part is traceless and has the form:

léijv2> E. (9.14)

S _
ES = (aiaj -3
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The vector part has the form:
E} = —% (0;E; + O,E;) . (9.15)
For it to be traceless E; must be divergence-free with
O'E; =0, (9.16)

and therefore it is a pure vector. Finally, the tensor part must be divergence-free
and traceless:

OEL=0, ET, =0, (9.17)

Now we can see that for the scalar quantities ¢,, B, and E we have 4 compo-
nents, for the vector quantities B} and FE; we have 4 components, and for the
tensor quantity Ez:'; we have 2 components. Giving us a total of 10 components,
as expected for a symmetric four-dimensional metric.

These component counts should not yet be interpreted as physical propagating
degrees of freedom. Four infinitesimal coordinate transformations remove four
gauge degrees of freedom, and the gravitational constraint equations remove four
additional non-propagating degrees of freedom. Pure General Relativity therefore
has only the two propagating tensor polarisations. In the scalar sector of single-
field inflation, the scalar field supplies one additional physical propagating degree
of freedom, which can be represented by the gauge-invariant Mukhanov—Sasaki
variable.

To linear order in perturbation theory, the scalar, vector, and tensor parts decouple
from one another on a homogeneous and isotropic FRW background.

9.2 Gauge Transformation

Consider the change of coordinates from an infinitesimal gauge transformation of
the coordinates:

oh =" + ot . (9.18)
Decompose the vector dz* in the usual way:

02" = € (2")
bx' =& (a") + 0 (), 06" =0. (9.19)
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With £ being divergence-free. This shows that we have two scalar gauge degrees
of freedom, which we can choose freely, £ and €.

We can use these gauge degrees of freedom to eliminate two of the scalar degrees
of freedom, as they are not independent, but related through a coordinate trans-
formation. This gives us 4 — 2 = 2 degrees of freedom.

We also have d¢, but that is determined by the other two through the Einstein
equation, and therefore not an additional independent degree of freedom. For a
single scalar field there is ultimately only one propagating scalar degree of free-
dom.

Gauge Transformation of Scalar Quantities

Let’s consider a scalar function of the form

q(n,x) = qo(n) +dq(n, ) (9.20)

and see how it transforms under the gauge transformation n — 7 = n+£° (1, x).
07 (n,®) = dq (n,2) —qp (1) £" . (9.21)

Now let’s do the gauge transformation of ¢. For this we have ds?> = ds?, since the
line element is invariant under a coordinate transformation. Thus, restricting to
the terms required to obtain the transformation of the 00 component,

@ () (1+20) (d°)° = a® (2°) (1 + 26) (da”)” . (9.22)

To linear order,

a* (2°) = a® (2°) + 2aa'€’
dz’ = (1+¢) da® 4 0;¢° da’

N /
= 1+20=1+2¢+2%6 127 (9.23)
a

and we infer the transformation rule

/

b=¢-&"-=¢ (9.24)
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A similar calculation gives the scalar gauge transformations

b=6—¢"—=¢"
B=B+¢& ¢
J=v+ivig+ Lo
3 a
E=E—2¢. (9.25)

9.3 Gauge Invariant Quantities

We have seen that the interesting variables may assume different values in different
gauges. This leaves an ambiguity if one discusses individual coordinate-dependent
perturbations. It is useful to eliminate this ambiguity by identifying combinations
that are gauge invariant. Then we can choose a gauge and calculate the gauge
invariant quantity in that gauge.

Bardeen Potentials

One example of such gauge-invariant quantities is the Bardeen potentials. With
the conventions above, they can be written

oot h(o-5)]

1 a E
UV=¢+-V’E—-——((B-—=—] . 2
v 6 a( 2> (9-26)

The Bardeen potentials are gauge-invariant combinations of the scalar metric per-
turbations. In longitudinal gauge, B = E = 0, they reduce simply to & = ¢ and
U = 1.

Curvature Perturbations

The spatial curvature on hypersurfaces of constant conformal time 7 for a flat
universe is, to linear order,

4 2
(3) — _N\72,,_ _~ 74
R= Vg5 V'E (9.27)

and in a gauge with £ = 0 this reduces to ®R = 4V?)/a?. The curvature
perturbation ¢ itself is not gauge invariant.
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Co-moving Curvature Perturbation

A convenient gauge-invariant definition of the curvature perturbation is

a d¢ o¢p
R = —— = H— . 9.28
vty =Yt 5 (9.28)
It is gauge invariant, and if we make the gauge choice ¢ = 0 (comoving gauge),
R = ¢]s¢=0 , (9.29)

we see that R can be understood as the curvature perturbation on a co-moving
slice.

The curvature perturbation on spatial slices of uniform energy density is

C=¢+g@:w+H@. (9.30)
a p

/
It is gauge invariant and

¢ = Plapmo (9.31)

To see how to construct these gauge-invariant variables from the curvature per-
turbation in an arbitrary gauge, we find the gauge transformation that brings us
back to the comoving gauge by choosing £° to cancel d¢, and we have:

¢%J=¢+%&, (9.32)

under 1 — n + 67, where 67 = £° and £ = 0.

Remember that a scalar transforms as

6q =6q — &% - (9.33)
Using this for d¢ we get:
06 = 0peom = 00 — P77 =0 = 7= (zb—q? : (9.34)
Likewise for dp we get:
0p = dpuniform = 0p — poT =0 = o1 = (,50_? ) (9.35)

Which leads us to the transformation of :
) )
AL VA R L (9.36)
a ¢ a p
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9.4 Scalar Field Perturbation in a Spatial Flat Gauge
Similarly we can find the field perturbation in flat gauge ¢4, = O:

¢—>¢+2/57—0 = 57'——£ (9.37)
a O] ‘
where
CL/
H=—=aH (9.38)
a

is the conformal Hubble parameter. We can then write the field perturbation in
flat gauge in a gauge invariant form

5¢+w—¢&=w+#¢. (9.39)

This gauge-invariant field perturbation is often called the Sasaki-Mukhanov vari-
able Q):

o1l ser Lyl
Q—(M—l—;lw—éd)—l—[{w_}[ . (9.40)
It is gauge invariant and
Q = 0¢|p—o - (9.41)

The canonically normalized Mukhanov—Sasaki variable is

v=a@) = zZR, zzaﬂzﬁ

T (9.42)

9.5 Longitudinal Gauge

One often used gauge choice is to set B = E' = 0. The two scalar metric functions
remaining in this gauge are ¢ and .

If the matter has no scalar anisotropic stress, then the traceless 7, 7 Einstein equa-
tion implies

vV=0¢. (9.43)

A canonical scalar field has vanishing anisotropic stress at linear order, so this
relation applies during single-field inflation.
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Einstein Equation

The traceless i, j part (i # j) gives:

Y=20. (9.44)
For the 0,7 part we get:
. . )
Y+ HY = 4nGnoddp = eH2f , (9.45)
where
H 2
€=—15 = 47TGNm (9.46)
For the 0,0 part we get:
. V2 S ,
_3H (¢ + H¢) + =5 = 4nGy <¢5¢ S Vs 5¢) . (9.47)
where for a canonical scalar, p = ¢ 8¢ — ¢*) + V'5¢.
Finally, for the trace of the spatial 7,7 equation we have:
&+ 4HY + <2H + 3H2> b = 4nGy (Wa — B — v’5¢>) . (9.48)
Using
H = —47G y¢* (9.49)
and
b+3Hop+V' =0 (9.50)
to eliminate the matter perturbations. One obtains
Ur + H—Zé Ui +2 H—Hé ¢+k2¢ =0 (9.51)
k ¢ k ¢ k CL2 k — . .
In terms of slow-roll parameters (e, n)ﬂ we use, to first order,
— X~ € — s 9.52
72 1 (9.52)
and in conformal time the equation becomes
WA 2H (n— )y 4+ 2H? (n — 2€) 4+ kb = 0 . (9.53)

SHere 1 denotes the potential slow-roll parameter, whereas elsewhere 7 also
time. The meaning should be clear from context.

denotes conformal
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Super-horizon scales

On super-Hubble scales, k¥ < aH, and formally taking the leading slow-roll limit
e,n—0,

Pr~0 & a% <a¢k> = a? (Hwk + ¢k> ~ 0. (9.54)

The non-decaying mode therefore satisfies

U~ 0. (9.55)

From this the 0, part reduces to:

4]
o~ eH o2 (9.56)
¢
on super-Hubble scales.
) ) )

Ri = i + H% —(1+¢) H% ~ H% (9.57)

Using this, we can compute the power spectrum:

k3 H? s K 11 9
Pr (k) = ~—— - - - ,
R () = 5 oul = gy oo (9.59)
Perturbed Klein-Gordon:
. . k2 .
Opr + 3HIp, + ?5% + V"0 = =2 V' + di e (9.59)
Use
.o , B 5¢k , .
4| < V'], = A, V= —3HO, (9.60)
With this, we get:
5¢x + 3H6dy, + (V" + 6eH?) G = 0 (9.61)

Define x = dor/a:

1 1 9
OXy — o (V2 — Z) oxr =0 Where: 12 = 1 + 9¢ — 3n (9.62)
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For super-Hubble scales, we have:

H [ k\*"

With the power spectrum:

1 (H\?[ k\"="
Pr (k)= —— | — — .64
= (k) 2M?% € <27T) <aH) (9.64)
—_ = ——----- —_ 2 == 2 —_ .
Ny T () 3—2v=2n—06e (9.65)

9.6 Co-moving Curvature Perturbation

Alternatively, we can use the gauge-invariant relation derived earlier

H
¢
and the curvature power spectrum may be written
k3 H? 2 K3 2
Pr (k)= —— =— . .

To determine (), through horizon crossing, one quantises the canonical Mukhanov—
Sasaki variable

v=a@ = zR, z:a(b

= . 9.68
y (9.68)
The quadratic action for scalar perturbations in the spatially flat gauge is
1 2"
S@ — §/d77 dx |:U/2 — (Vo)* + —"02] : (9.69)
z
and the Fourier modes obey the Mukhanov—Sasaki equation
" 2 Z”
vy, + k—? v =0 (9.70)
To first order in the potential slow-roll parameters,
21, 1 3
;ZE(V—Z)7 V’1§+3€—77, (971)
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or equivalently

9
Vi~ 1 +9¢—3n . (9.72)

The mode equation therefore becomes

1 1
vy + [kj 2 (V2 — Z)] v, =0. (9.73)

Choosing the Bunch-Davies vacuum in the sub-Hubble limit, v, — e~*7/v/2k for
—kn > 1, gives on super-Hubble scales

Q| ~ \/% (a%) o (9.74)

to leading order in the slowly varying normalisation.

[ M[°)

The curvature power spectrum is therefore

1 H\2/ 1\
P, ~_— | — — ) .
= (k) 2M]23l6 (27?) (aH) (9.75)

At horizon exit, k = aH, this becomes

H2
Pr (k) ~ ———— ) 9.76
= (£) 87T2M1231€ k=aH ( )
The spectral index is

—1l=—-+=3—-2v>~2n—06¢. 9.77
"R d1n (k) v (5.77)

Thus, identifying ng with the usual scalar spectral index ng,
ns — 1 ~ —6ey + 2ny (9.78)

where at this order we have written the potential slow-roll parameters explic-
itly.
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9.7 The Cosmic Microwave Background

For adiabatic perturbations, and in the absence of significant non-adiabatic pres-
sure perturbations, the curvature perturbations satisfy on super-Hubble scales

R~ (o ~0. (9.79)

This means that the co-moving curvature perturbation is conserved on super-
Hubble scales. For single-field inflation, this allows us to evolve the primordial
perturbation through epochs whose detailed microphysics may be complicated,
provided the evolution remains adiabatic. In models with entropy or isocurvature
perturbations, R need not be conserved.

For a constant equation of state and negligible anisotropic stress, the super-Hubble
Bardeen potential is related to the conserved curvature perturbation by

3(1+w)
= 9.80
5+ 3w ( )
Thus during the radiation-dominated phase of the universe,
2 2\°
d=-R Py=1|=-) P 9.81
3 ) i3] (3> R > ( )
while during the matter-dominated phase,
3 3\

On angular scales sufficiently large that the perturbations were outside the Hub-
ble radius at last scattering, the ordinary Sachs—Wolfe effect gives the dominant
primary temperature anisotropy. The intrinsic photon-temperature perturbation
and the gravitational redshift combine to give]

or 1 1

— —Id=_R 9.83

T 3 ) (9:83)
during matter domination. On the very largest scales, late-time evolution of
the gravitational potential also generates an integrated Sachs-Wolfe contribu-

tion.

6For more details see, for example, the GR and cosmology course FY812 or Riotto, https:
//arxiv.org/abs/hep-ph/0210162.
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THE UNRUH EFFECT

So far, we have discussed particle production in an expanding Universe, where the
time-dependent geometry can mix positive- and negative-frequency modes and
thereby change the natural particle interpretation with time. In this section, as a
warm-up for discussing Hawking radiation of black holes, we will discuss another
example where two different observers have different notions of the vacuum state.
So, instead of the space-time changing over time, we will look at two different
observers in flat Minkowski space, one who is at rest in Minkowski space and
another who is uniformly accelerated, and see that their natural notions of particles
and vacuum are different.

10.1 Rindler Space

To relate the vacuum state of an accelerated observer in Minkowski space to the
vacuum of one who is at rest, we are first going to find the “co-moving” coordinate
system of an accelerated observer in Minkowski space, which is the coordinate
system in which the accelerated observer is at rest at a fixed spatial coordinate.
This metric, describing the rest frame of the accelerated observer in Minkowski
space, is called Rindler space.

For simplicity, we can assume that the observer is accelerating in the z-direction,
but remains at rest in the other directions. Consider a two-dimensional Minkowski
space-time:

ds® = —dt* + dz* . (10.1)
To describe the accelerated observer, make the coordinate transformation:
t = a ‘e sinh (a7)
x = a " 'e® cosh (ar)
= ds® = e (—dr? +d¢&?) (10.2)
These coordinates cover the right Rindler wedge x > |t|. The parameter a > 0

fixes the normalisation of the Rindler time coordinate, and equals the proper
acceleration for an observer at & = 0.

To review uniformly accelerated motion, let us separately parameterise a trajectory
by its proper time s. For the four-velocity, we have by definition:

dzt

— 10.
=y (10.3)

P — H—
ufu, = —1, ut =
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and for the four-acceleration in Minkowski Cartesian coordinates we have:

= dut  d*zt
T ds  ds?
aa, = o . (10.4)

More generally, four-acceleration is defined covariantly by a* = u” D, u"; in Carte-
sian Minkowski coordinates this reduces to the ordinary derivative above.

In the observer’s instantaneous rest frame, we have
u" = (1,0) (10.5)
and differentiating u*u, = —1 gives
u,at =0 . (10.6)
Thus, in the instantaneous rest frame
a=(0,a) , (10.7)

where « is the magnitude of the proper acceleration.

du\> dut\?
a'a, =a® = _(E) +(E> =a?

— (W) + (uh)* = —1. (10.8)

Consider

Isolating:

du?
0_ 2 _ ] 2
u =4/1+ (ul)?, i 1+ (uh)”, (10.9)

. 1 .
assuming u° > 0 and ddis > (. Solving,

dx dt

1oy = @ _ 0y = & _
u (s) = = sinh (as), ' (s) = 7 cosh (as) . (10.10)
Integrating gives us
1 I
z(s) = —cosh (as), t(s)= —sinh(as) , (10.11)
a a

where we recognize the hyperbolic trajectories from Eq. ((10.1]).
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For a trajectory of constant Rindler coordinate §, comparison with Eq. (10.1))
gives
ds = e®dr, a=ae %, al=a"te® . (10.12)

Thus 7 is the proper time only for the observer at £ = 0, whose proper acceleration
is a=a.

In Minkowski space, the accelerated observer at a constant & describes a hyperbola
defined by the equation

? —t? =a"%e* =2, (10.13)
As illustrated in the figure, a worldline confined to the right Rindler wedge can
never receive signals from part of Minkowski space-time or send signals to part of

it. The null surfaces x = =+t form the past and future Rindler horizons for the
uniformly accelerated observer.

Future event horizon

Past event horizon

10.2 Quantum Field in Rindler Space-Time

Now let us consider the vacuum state of a scalar field as seen by an accelerated
observer versus an observer at rest in Minkowski space. The action of a massless
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scalar field in two space-time dimensions is:

Skl = 5 [ Eov=ag0.00.0 (10.14)

This is classically Weyl invariant in two dimensions under gog — Gag = 2*gas-

In the Minkowski coordinate system, we have

Sid) =5 [ [@0)" - (0.0 drde (10.15)

while in the co-moving frame of the accelerated observer (Rindler coordinates) we
have

1
S(e) =5 [ [10:6)" - (@0)"] arde . (10.16)

Similarly, in the Minkowski frame, the equation of motion becomes

2o 0% _ 1 —_

— =0 = U= [kl 10.17

o 0w VRS 1017
while in the Rindler frame, the equation of motion is

0? 0? 1 Qe

09 09 _ o py= L ikeilkir (10.18)

or?  0€? V2 k|

where Uj, and U}, are the usual positive frequency mode functions in the two frames,
from which we obtain the two mode expansions. For the lab frame (Minkowski
rest frame), we have:

b= [
e V2 20K

For the Rindler frame (rest frame of the accelerated observer) we have:

(e klitike g 4 gilkli—ikegt] (10.19)

. * dk 1 : G oa A ket
_ —ilklrikgf— 4 zlklf—zkﬁgfr] 10.20
T, T |€ € ’ ‘
Qb ( g) e /97 /92 |k| |: F " ( )

This implies that we have two notions of a vacuum. The Minkowski vacuum and
the right-Rindler vacuum are defined by

iy 0a) =0, blOg) =0, (10.21)

78



Lecture 10 QFT in Curved Spacetime Martin S. Sloth

and they are not the same:

011) # [0r) - (10.22)

Strictly speaking, a global Rindler description involves both the right and left
Rindler wedges. The Minkowski vacuum is an entangled state of the left- and
right-wedge Rindler degrees of freedom. When observables are restricted to one
wedge, the Minkowski vacuum is described by a thermal density matrix. This is
the origin of the Unruh effect.

10.3 Light-Cone Mode Expansion

In order to find the Bogoliubov transformation between the two particle descrip-
tions, it is convenient to define the light-cone coordinates:

t—x, v=t+ux

u=T—-¢§ v=T+E. (10.23)
where the bar denotes the Minkowski coordinates, and without the bar, the Rindler
coordinates. The coordinate transformation written in light cone coordinates be-
comes:

— 1 —au — 1 av
u=—-——e ", UV=-—¢
a a
= ds’ = —dudv = —*“"du dv (10.24)

For each coordinate set, we have an equation of motion and a corresponding solu-
tion.

0
0u0p® (u,v) = 0, ¢ (u,v) = P (u) + Q (v) (10.25)

We will now examine the functions A (a), B (v), P (u) and Q (v).

10.4 Mode Expansions

Splitting the Minkowski expansion into the £ > 0 and k < 0 sectors, and writing
w = |k| >0, gives

© dw 1

NN

[e™“"a, + e a} + e “"a”, +e*"at,] . (10.26)

6(u,0) =
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Doing the same for the Rindler frame using Q = |k| > 0 we get:
~ < d 1
u,v) = —_
¢ ( ) 0 vV 27T vV QQ
Comparing with the solution in ((10.25) we get in the Minkowski frame:
6 (u,0) = A(a) + B (v)
N ® dw 1

[e’m”l;é e i emvl;irg] . (10.27)

A(u) = —_— e_iwad;+ei“ﬂdi
@=] v }
~ > 1 L L
B(v) = i [e 6=, + ¢“%at ] . (10.28)

0 vV 2T vV 2w
Similarly, in the Rindler frame, we get:

¢ (u,0) = P (u) +Q (v)

A © d 1 R R
P(u) = = e s 4
=) T=—s ™ 5]
: S R S S
v) = — e ", 4+ T, | 10.29

Now write (coordinate transformation, do not mix u and v)

¢ (u,0) = A(a(u) + B(0(v) = P(u) + Q(v)

= A@)=P), B@w)=Q®) . (10.30)
A(ﬂ) = OOO %\/% [e—iwﬂA; + Giwﬂdi}

< dQ 1

0 vV 27‘(’ vV 2Q
Make a Fourier transformation in u on both sides. For the right-hand side we
have:

=Pu) = [e_m“l;g + em"l;g} . (10.31)

©du g, 1 by, Q>0
—— P (u) = ——=1 : (10.32)
oo V27 210 {bz,, Q<0

For the left-hand side we have:
du o, c /°° dw [ du ¢ ou iwa)a— | iQutiva(u) A+
e’L ’lLA u u — _ 62 Uu—iwulu aw + eZ U+riwulu a/w
0o V2T ( ( )) 0 V2w J_s 2 [ ]
* dw
= — [F(w, D) a, + F(—w,Q)a] . 10.33
[ P9+ F (e 9)a] (1033)
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Where

F(w,Q) = / %exp [iQu — iwa] = / c2l_u exp [zQu + ige"m] . (10.34)
a

Coo 2T oo 2T

Comparing the right-hand side and the left-hand side yields:

by = / dw [0u0ay + Bundd]
0

Qo = \/gF (@,9), fun = \/gF(—w,Q) . (10.35)

It is similar for b, using F* (w, Q) = F (—w, —€).

Now, for the lowering and raising operators, we have the commutators:

[65,08] =0 (w—w), {85, Bg,] —5(Q— ) (10.36)

w !

Using this, we get:
/OO dw (0ol o — BualBia) =0 (2 — Q) . (10.37)
0
Now, with the Rindler number operator in the Minkowski vacuum, we get
<NQ> = (0|6 b 0ar)

_ /OO dw |Bual? = nod (0) . (10.38)
0

10.5 Bose-Einstein Distribution

We will now show that the occupation number is given by a Bose-Einstein distri-
bution with Rindler-time temperature 7, = a/(27). To show this, we need:

BwQ - \/gF (—W,Q)

72

F(w,Q)=F(—w,Q)exp {7] forw >0, a>0 (10.39)

To prove ((10.39), we start by using the transformation
= _ge_a‘u . (1040)

a
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With the usual convergence prescription for the oscillatory integral, the integral

for F'in (10.34)) then yields:
1 RY w €2 182
F(w,Q) = 5 CXP [25 In (g) + %] r <—?) . (10.41)

Changing w — —w requires choosing a branch of the complex logarithm. With
the principal branch, In(—1) = 7, which gives

F(—w,Q) =e™F (w0,Q) (10.42)
and hence
Q
F(w,Q) = F(—w,Q)exp r—} . (10.43)
a

Now, using the commutator from ((10.36)) we get:
/ Ao (auntter — fuaBiey) = 6 (2 — Q)

\/? [F (w0, Q) F* (0,9) = F (—w, Q) F* (—w,2)]

0
= Q- = [ dw
0

= [exp <M> — 1] dw {8 F(—w,Q) F* (—w, )
a 0

w

N /OOO dw\/?F(—w,Q) F (w0, @) = {exp (@) - 1] sa-9)
(10.44)

In the last step, the smooth prefactor multiplying (2 — Q') is evaluated at ' =
Q.

Now we obtain:

<NQ> = /Ooo dw | Bual’ = /Ooo dw% IF (—w, Q)2
[ (%) 1) s w0

The delta function here is a continuum-normalisation factor.
Comparing this with the number density from ((10.38|) where

/ dw | Bua]® = nad (0) (10.46)
0
we get the occupation number:
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10.6 Unruh Temperature

If we now compare our occupation number from (10.47) with a Bose-Einstein
distribution, we see that the Minkowski vacuum is thermal with respect to the
Rindler Hamiltonian:

1 a
_— T =—. 10.4
eV — 1’ 27 <0 8)

n(Q) =
The frequency €2 is conjugate to the Rindler coordinate time 7. An observer at
fixed ¢ instead measures proper time ds = e®dr, and hence the locally measured
energy and temperature are redshifted by the same factor. Since the observer’s
proper acceleration is o = ae~%, the locally measured Unruh temperature is

—a o
Ty = e “T,. = 7 (10.49)

For the particular observer at £ = 0, @ = a and therefore Ty = a/(27).

We conclude that a uniformly accelerated observer in the Minkowski vacuum de-
tects a thermal bath with temperature

(0%

Ty = —
v 2T

(10.50)
in natural units. This does not mean that inertial observers regard the Minkowski
vacuum as containing real particles. Operationally, an accelerated detector can
become excited, and the energy required for that excitation is supplied by the
external agent that maintains the detector’s acceleration.

Is this observable? To illustrate how small this effect is, consider how fast we need
to accelerate to boil an egg. To obtain a temperature of T'= 100°C', such that the
observer would see water starting to boil, we need to write the Unruh temperature
in ST units:

k, Ty = — (10.51)

27

From this, we get:
Ty =313K = a~9x1025 ~10%2 (10.52)
S S

The Unruh effect is an extremely inefficient way to obtain a large detector tem-
perature[’] However, closely related horizon thermality appears for black holes and
de Sitter space-time, as we will see in the next lecture.

7and an even more inefficient way to boil eggs
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HAWKING RADIATION

Having seen that an accelerated observer experiences thermal radiation even in
the Minkowski vacuum, we will now see that this has deep, seemingly paradox-
ical consequences for our understanding of black holes. The curvature near the
horizon of a black hole is small, but staying at a fixed distance and not falling in
requires acceleration, and hence, such an observer near a black hole will experience
radiation from the black hole. This leads to an apparent paradox, as we usually
say that nothing can escape a black hole. We can understand this phenomenon
by expanding the metric near the black hole to leading order in the weak curva-
ture, and then observing that we can approximate it by the Rindler metric in the
near-horizon limit.

11.1 Schwarzschild Black Hole

The Schwarzschild geometry describes the vacuum space-time outside a static,
spherically symmetric, uncharged mass. Using our (—+++) signature convention,
we have the metric:

—1
ds? = — (1 — %> dt? + (1 — QMGN) dr? + r2d0>
T T

= gudxdx”, dQ? = db? + sin” (0) d¢? . (11.1)

The time t is the Schwarzschild time, and it represents the proper time recorded
by a standard clock at rest at spatial infinity. r is the Schwarzschild radial coor-
dinate.

At
r=r, =2MGy (11.2)

we have an event horizon. Here g; = 0 and g, diverges, but this is only a
coordinate singularity. There is a true curvature singularity at » = 0. For example,
the Kretschmann scalar is

48G2, M?

purpo _
Ruwpo R = =5

, (11.3)
which is finite at » = ry but diverges at » = 0. An observer in free fall through
the horizon sees no local geometrical singularity at » = r, provided the black
hole is sufficiently large that tidal forces there are small. However, to a distant
Schwarzschild observer, an infalling object approaches the horizon only asymptot-
ically in the coordinate time ¢ and becomes increasingly redshifted.
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For radial light following a null geodesic, ds? = 0, we have in Schwarzschild coor-
dinates

dr
dt

=1- QMGN, r>2MGy . (11.4)
r

The velocity of light is approaching zero as r — 2M Gy from the point of view of

a distant observer. Also, since dt = \Z% and dS is invariant, there is an infinite
redshift of frequency v = 3—’; as goo — 0
1% x
o o) g ) 0 (11.5)
4 oo (71)

11.2 Near Horizon Limit

Define p as the proper radial distance to the horizon along a hypersurface of
constant Schwarzschild time:

r r IN -
p= / V Grr (T’/)d’l"/ = / <1 — GN) dr’
2MG N 2

N

MG N r
_ _ il T
= \/r(r —2MGy) + 2M Gy sinh ( IITen 1) : (11.6)

Near the horizon:

pr2/2MGy (r —2MGy)

2

p
= 7 —2MGy ~ . 11.7
" N SMGy (1L7)
Therefore
2
MGy b (11.8)

r 16M2G3,

and the near-horizon metric becomes

I

ds?

dt \?
—0? 24 r2d0? . 11.
p <4MGN) +dp® +rid (11.9)

It is useful to introduce the surface gravity

11
AMGy 21,

(11.10)
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Then the two-dimensional (¢, p) part of the metric is
dsly = —k*p*dt* + dp® | (11.11)
which is precisely the Rindler form.

Using the parameter ¢ defined by
p=—e"t, (11.12)

we obtain

dsfyy = €2 (—dt® 4 d€?) . (11.13)

A static observer at fixed p, or equivalently fixed &, has in the near-horizon region
the proper acceleration
1

o~ = =ke ", (11.14)
p

The exact proper acceleration of a static Schwarzschild observer at radius r is

afr) = — M (11.15)

Y
7/_2 /1 _ 2G71YM

which diverges as the horizon is approached. The finite black-hole surface gravity,
k= 1/(4GyM), is therefore not the proper acceleration of an observer sitting at
the horizon, but it can be thought of as the redshifted acceleration measured at

infinity:
,/1—%04(7"):/4;. (11.16)

Thus, surface gravity is a non-local concept. It is the finite force per unit mass
that an observer at infinity must exert on a "rope" to hold a test mass stationary
right at the black hole’s edge.

11.3 Hawking Temperature

The local Rindler argument gives a static observer close to the horizon a local
Unruh temperature

1
Toe = — ~ = | (11.17)
27
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This local temperature diverges as p — 0. However, radiation climbing out of the
gravitational potential is redshifted. The temperature measured by an observer at

infinity is therefore
TyeJ1-lom, = o1 (11.18)
= P T o T 8rMGy '

This is the Hawking temperature.

For an ideal bosonic mode, the thermal occupation factor is

1

m . (11.19)

ng =
In four-dimensional Schwarzschild space-time, the spectrum measured at infinity
is not an exact blackbody spectrum because the modes scatter from the curva-
ture outside the horizon. These frequency- and angular-momentum-dependent
transmission probabilities are called greybody factors. The Hawking temperature
nevertheless remains Ty = k/(27).

As with the Unruh temperature, the Hawking temperature is a very small effect
for astrophysical black holes. As an example, for a solar-mass black hole:

M = Mg ~ 2-10% kg, rs ~ 3km
= Ty=6-107°K. (11.20)

It is a tiny effect, but an isolated black hole in an environment colder than its
Hawking temperature will lose mass through Hawking radiation. Astrophysical
black holes immersed in the present cosmic microwave background are colder than
their surroundings and therefore do not currently undergo net evaporation.

11.4 De Sitter Space

We can also, in a very similar way, associate a temperature with the horizon of a
static observer in de Sitter space. By a coordinate transformation, it can be shown
that the de Sitter metric can be written in so-called static coordinates, where the
metric resembles the metric of a black hole “turned inside out”. The de Sitter
metric takes the form

2 2\ —1
R P

S S

where

Ty =

1
— 11.22
y (11.22)
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is the de Sitter radius. The cosmological horizon is at r = r,. Its surface gravity
is

Kas = H (11.23)

and therefore the Gibbons—-Hawking temperature is

H
Tis = — . 11.24
5= o (11.24)

This is closely related to the characteristic amplitude of a light scalar fluctuation
in de Sitter space. In particular, the dimensionless power satisfies

p2 2

o 5 (11.25)

whereas the individual Fourier mode behaves as |d¢y| ~ H/v/2k3.

11.5 Kruskal versus Boulware Vacuum
Let us consider again the radial part of the Schwarzschild solution:

-1
ds? =~ drtdr” = — (1 - 1) dt* + (1 - 1) dr? . (11.26)

r T

We will now go to the tortoise coordinate r* (1) defined by:

dr

dr* =
r -

<

s
T

= r* (T) =7 —1rs 41, In (L — 1) , (1127)

S
where the additive constant —r, is conventional and physically irrelevant.

With the tortoise coordinate, the metric becomes:

ds? = (1 - - (TT)) (—dt* + dr*?) . (11.28)

Now, defining the light-cone coordinates:
= ds?=-— (1 - —) dido . (11.29)
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Equivalently, we can define Kruskal light-cone coordinates:
u= —27"36*%, v = 27’36% . (11.30)

Using the definition of r* above, the radial metric becomes
ds* = —%el_r/rsdudv : (11.31)
which is manifestly finite and nonzero at » = r,. Thus the Schwarzschild-coordinate

singularity at the horizon has disappeared.

For a massless scalar in an effectively 1 + 1 dimensional near-horizon treatment,
the conformal factor does not affect the classical mode equation. In the full
four-dimensional problem, each angular momentum mode also experiences an ef-
fective scattering potential; this is the origin of the greybody factors mentioned
above.

The relation between (u,v) and (u,v) contains the same exponential structure as
the Minkowski-to-Rindler transformation, with

1
o T AGNM
K 1
Ty = — =__ —_ 11.32
= A= on SrGnyM (11.32)

11.6 Vacuum Considerations

Let us compare the Unruh effect and the Hawking radiation. In both cases, we
have two vacuums. For the Rindler transformation we had one for the inertial ob-
server |0y7) (Minkowski vacuum) and one for the accelerated observer [0g) (Rindler
vacuum), likewise for the Schwarzschild we have a vacuum for the free falling ob-
server |0k ) (Kruskal vacuum) and one for the observer at constant r |05) (Boulware
vacuum) respectively.

Furthermore, for the Rindler transformation we had the acceleration a, while in

the Schwarzschild case it depends on the mass of the black hole: m.

In the Minkowski/Kruskal frame, the energy density in the |0g)/|0p) state diverges
near the horizon. The Boulware vacuum is defined using positive frequency with
respect to Schwarzschild time. It looks empty to static observers at infinity, but
its renormalised stress-energy tensor diverges at the event horizon. It is therefore
not an appropriate state for a black hole formed by gravitational collapse.
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For an eternal Schwarzschild black hole, the Kruskal vacuum (also called the
Hartle-Hawking state) is regular on both the future and past horizons and de-
scribes a black hole in thermal equilibrium with a bath of incoming and outgoing
radiation at the Hawking temperature. Positive-frequency modes that are regular
in Kruskal coordinates are naturally associated with this horizon-regular construc-
tion.

The eternal Schwarzschild black hole is an idealisation, and for a black hole formed
by collapse, the physically relevant state is instead the Unruh vacuum. It contains
no incoming thermal radiation from past null infinity, is regular on the future event
horizon, and produces an outgoing Hawking flux at future null infinity.

We therefore have the analogy

’ Rindler \ Schwarzschild ‘
inertial Minkowski vacuum [0,) horizon-regular state
Rindler vacuum |Og) Boulware vacuum [0p)
local proper acceleration « a(r) = _ Gl
/T —rafr
Rindler scale a surface gravity k = 1 Gjlv 7

The surface gravity « is finite, whereas the proper acceleration of a static observer
diverges at the horizon. The redshift of the divergent local Unruh temperature
converts it into the finite Hawking temperature Ty = +/(27) seen at infinity.

Newtonian Cheat

Using Newtonian gravity, we can evaluate the gravitational acceleration at the
Schwarzschild radius ry = 2G yM:

g= GJ:EM = 4G]1VM . (11.33)
Numerically, this equals the Schwarzschild surface gravity
1
g=K= G (11.34)
Inserting this surface-gravity scale into the Unruh formula happens to give
Ty = % - m . (11.35)

This is a quick way to remember the result, though it is not a derivation of Hawking
radiation.
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11.7 Black Hole Thermodynamics

For a static Schwarzschild black hole, the horizon area and Hawking temperature

ard’

1

A = Amr? = 16w M? Ty = -
T ™ s H SaM

(11.36)

To get an idea of how this works thermodynamically, we can use the Stefan—
Boltzmann law as a rough estimate for the flux of energy radiated from the black
hole:

L~ ~yoThA . (11.37)
Where
2
™
- 11.38
0= (11.38)

is the Stefan-Boltzmann constant for one bosonic degree of freedom in natural
units. The factor v schematically accounts for the species that can be emitted.
In an actual black-hole calculation, the greybody factors modify both the spec-
trum and the numerical coefficient, so the following estimate should be viewed as
illustrative rather than exact.

Using the ideal blackbody approximation,

y
I ~ o 11.39
153607 M2 ( )
and therefore
dM B B y
dt 153607 M?2
t\3 M}
= M(t)=My(1- . , t;, = 5120m— . (11.40)
L i

Where M, is the initial mass of the black hole and ¢, is the approximate lifetime
in this simplified treatment. Since Ty o< 1/M, the black hole becomes hotter as it
loses mass. Eventually the semiclassical approximation ceases to be reliable when
the mass approaches the quantum-gravity scale.

8Tn the remainder of this section we use natural Planck units Gy = i = ¢ = kg = 1 unless
factors of G are explicitly restored.
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Laws of Black Hole Thermodynamics
Entropy is statistically related to the number of accessible microscopic states,

S =log(N) (11.41)
in units with kg = 1.

In the early 1970s, Bekenstein proposed that a black hole should carry an entropy
proportional to its horizon area. Hawking’s temperature fixes the proportionality
constant through the first law

If
Spy = aA = 16raM? | (11.43)
then
dSBH 1
W = gaap C2raM) = da
1
= a=—. (11.44)
4
This gives the Bekenstein-Hawking entropy:
A 2
SBH == Z =4nM* . (1145)
Restoring constants,
chgA
Sy = . 11.46
o = (11.46)
Black hole equation of state:
1
E(T)=M=———. 11.47
() =M= (11.47)

The heat capacity of an asymptotically flat Schwarzschild black hole is nega-
tive:

oF 1

This means that a black hole becomes colder when it absorbs energy and hotter
when it loses energy. Consequently, an asymptotically flat Schwarzschild black hole
is not thermodynamically stable in the usual canonical ensemble with an infinite
heat bath.
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Generalized Second Law of Thermodynamics (GSL)

The generalised entropy is the sum of the black-hole entropy and the entropy
outside the horizon,

Sgen = Soutside + SBH . (]-149)
The generalised second law states
05gen > 0 . (11.50)

Classically, under appropriate energy conditions, Hawking’s area theorem states
that the area of a black-hole event horizon cannot decrease. Hawking evaporation
is a quantum process and therefore lies outside the assumptions of the classical
area theorem, and the decrease of Spy is compensated by entropy carried by the
Hawking radiation in accordance with the generalised second law.

Information Paradox

Consider the collapse of ordinary matter into a black hole. In a local quantum
field theory, the entropy scales like the volume, and therefore initially, the en-
tropy /number of degrees of freedom scales like volume. After the collapse, the
entropy /number of degrees of freedom of the black hole scales like area. This leads
to information being lost, and GSL being violated for large enough volumes. In
rough terms, the two possible means of resolving this are historically: 1) Give up
unitarity (Hawking). 2) Give up locality ('t Hooft, Susskind).

More precisely, the paradox comes from combining gravitational collapse with
Hawking’s semiclassical calculation. Suppose an initially pure quantum state col-
lapses to form a black hole. Hawking’s calculation predicts outgoing radiation
that is approximately thermal and, in the semiclassical approximation, appears to
be entangled with partner modes behind the horizon. If the black hole evaporates
completely and the radiation remains exactly thermal, an initially pure state would
apparently evolve into a mixed state, violating unitary quantum evolution.

The tension therefore involves several principles: unitarity of quantum mechan-
ics, the semiclassical description of a smooth horizon, and ordinary local quantum
field theory. Modern approaches to quantum gravity generally seek to preserve
unitarity, implying that the semiclassical description must receive subtle correc-
tions. Ideas include holography, black-hole complementarity, nonlocal quantum-
gravitational effects, and more recent calculations based on quantum extremal
surfaces and islands.
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Holography

The fact that the Bekenstein—-Hawking entropy scales with horizon area rather
than spatial volume was one of the main motivations for the holographic principle:
a gravitational system may contain no more independent information than can be
encoded on an appropriate boundary surface.

A simple inequality of the form
A
S < 1 (11.51)

is suggestive in Planck units but is not a universally valid entropy bound for ar-
bitrary spatial regions. A more precise gravitational formulation is provided by
covariant entropy bounds defined on suitable light-sheets. Gauge/gravity dual-
ities such as AdS/CFT provide concrete realisations of the broader holographic
idea.

94



Appendix A QFT in Curved Spacetime Martin S. Sloth

SHORT INTERLUDE ON GENERAL RELATIVITY

Remember that in special relativity (SR), products of four-vectors are defined
using the Minkowski metric 7,,. The Minkowski metric describes a flat space-
time geometry. In general relativity (GR), the Minkowski metric is replaced by a
general space-time metric

N = G (T) (A1)

which need not be related to 7,, by a global coordinate transformation. The
metric becomes a dynamical field, and its dynamics are determined by Einstein’s
equation.

The vacuum Einstein equation can also be obtained as an Euler-Lagrange equation
by varying the Einstein—Hilbert action with respect to the metric. To describe
gravity as a consequence of the geometry of space-time, we can therefore apply
the principle of stationary action to the Einstein—Hilbert action. In this section
we will briefly go through the essentials of GR necessary to get a rudimentary
understanding of the Einstein—Hilbert action and Einstein’s equation.

A.1 Covariant and Contravariant Tensors

The laws of physics can be written as tensor equations whose form is valid in
arbitrary coordinate systems. This property is usually called general covariance.
One should distinguish covariance under a change of coordinates from the state-
ment that individual tensor components are invariant: the components generally
change, while the geometrical tensor does not depend on the coordinates used to
describe it.

Let us consider a coordinate transformation

/
, ox'*

da'" = dz” . A2
r—a2 & dr 5 0% (A.2)

We then define scalars, vectors and tensors according to their transformation prop-
erties:

Scalar:  ¢/(a') = ¢(z) (¢ —¢)
z
Contravariant vector: Ur(2') = 883;” U (x) " —u™)
Covariant vector:  AJ (') = %Au(:c) (Ay — A . (A.3)
T
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The coordinate transformation of a general tensor with p contravariant and ¢
covariant indices is

U iip P1 Pq

Tt () — . ...
(z') 0z°1 0x% Jx'™ Ox'va PlPa

V1..Vg

A.2 The Metric

The equivalence principle implies that at any space-time event P we can choose
locally freely falling coordinates y in which

9N(P) = s, 09 (P) = 0. (A5)

Thus gravity can be transformed away locally at a single event, although tidal
effects associated with curvature generally remain.

For a timelike interval in these locally inertial coordinates,
dr? = —napdy®dy” . (A.6)
If x# are arbitrary coordinates describing the same event, then at P

Oy Oy
dr? = —n, 53—
T nﬁaxﬂﬁx”

detds” = —g,, (P)dz"dz” (A7)

with

oy~ Oy”
Gy (P) = Mo oxk Oxv |,
P

(A.8)

This relation is a local statement at P. If one could write a metric as the pullback
of n.p by one coordinate transformation throughout a finite region, that region
would be flat. A genuinely curved space-time cannot in general be obtained by
merely making a global coordinate transformation of Minkowski space.

The metric is a covariant rank-two tensor and therefore transforms as

ox? 0x°
g:w(x/) - %wgpa(x) . (Ag)

The metric g,, and its inverse g"” lower and raise indices. For example,

T,uu = g,uagl/pTUp . (AlO)
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The ordinary derivative of a tensor is not in general a tensor under arbitrary
coordinate transformations. We therefore introduce the covariant derivative. For
a covector V,,

v, -
‘D[LVZ/ p— @ - F/U/VO' . (A.ll)
For example, the gradient of a scalar,
99
b= (A.12)

is a covector.

For the torsion-free, metric-compatible Levi-Civita connection, the Christoffel
symbols are

aVO' 8 loa a v
Ao g + M o M

1
27 | 0er T 0rr T Oav (4.13)

The Christoffel symbols are not themselves components of a tensor. Curvature is
instead described by the Riemann tensor. We use here the convention

Rl o = 010, — 0,10, + 10T, —T0,T, . (A.14)

With this convention and the (—+4+) metric signature, Einstein’s equation below
takes the standard form G, = +87GNT),,. The components of the Riemann
tensor are coordinate-dependent, but the statement that the tensor vanishes is
coordinate-independent; vanishing Riemann curvature implies local flatness.

The Ricci tensor is obtained by contraction:

R =R - (A.15)
Equivalently, if
Rawn = 9o R pvrs (A.16)
then
Ry = 9 Rovurn = R nw - (A17)
The Ricci scalar is
R=¢"Ru . (A.18)
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The Einstein tensor is
1
G/u/ = RH,V - §Rgul/ . (A]_g)

The contracted Bianchi identity implies

DG, =0 . (A.20)

The field equation that relates geometry to matter is

1
G = Ry = 5 Ry = 87GN T, (A.21)

This is Einstein’s equation, and 7T}, is the energy-momentum tensor. Consistency
with the Bianchi identity implies

D*T,, =0 . (A.22)

G, describes the curvature of space-time produced by the matter and energy
described by 7),,.

A.3 Einstein—Hilbert Action

Einstein’s equation can be derived from the Einstein—Hilbert action. Let
g = det(g,) - (A.23)

For a Lorentzian metric with signature (— + ++), g < 0, so the invariant volume
element is

d*r /=g . (A.24)

The simplest local scalar containing two derivatives of the metric is the Ricci scalar
R. We therefore define

Sy = /d4x\/—_g72. (A.25)

Varying this action with respect to the inverse metric gives, after discarding the
total-derivative boundary term,

1 Sy

1
LR S = ) A2
/_g 6gMV R/’“/ 2Rgu1j G/J‘V ( 6)
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Hence in vacuum,
G =0. (A.27)

For a space-time with a boundary, a well-posed metric variational problem also
requires the appropriate Gibbons-Hawking—York boundary term. For the present
discussion, we suppress this boundary contribution.

Now add matter to the action:

1
S = Sy + Sar - (A.28)

The energy—momentum tensor is defined by

2 0Su
T =——— . A2
1224 /__g 59“’” ( 9)

Equivalently,
1
0Sy = —§/d4x\/—gTw g . (A.30)

The metric variation of the full action is therefore
1 65 1 1
— Gy — =T, =0 A.31
V=gdgw 167Gy " 27F ( )

which gives

ij = SWGNTM,/ . (A32)

The matter energy—momentum tensor is covariantly conserved,
b, =0. (A.33)

For a diffeomorphism-invariant matter action, this conservation law follows from
the matter equations of motion together with diffeomorphism invariance; it is also
required by Einstein’s equation and the contracted Bianchi identity.

Finally, we can also include a cosmological constant. The gravitational action
becomes

1
S rav —
8 167G N

/ d*rv/—g (R —2A) . (A.34)
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Including matter, the Einstein equation is

1
Ruw — 5729#,, + Ag = 87GNT - (A.35)

In vacuum, this reduces to

1
R — 5729#,, +Agu, =0 (A.36)
or

G,uu - _Ag,u,u . (A?)?)

The cosmological constant can equivalently be moved to the matter side and in-
terpreted as a vacuum stress-energy tensor,

A
—87TGN7

T/E/u\) = T PAGuw; PA DA = —PA - (A.38)
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